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ABSTRACT: The limit theorems of asymptotic behavior of tail index estimators for right truncation Pareto-like data requires some
regularity assumptions either on tail indices (1 < 72) or on the dependence structure condition between the truncation variable and
the interest one. In this paper, we introduce a new estimator for the tail index based on the Log-Probability-Weighted-Moments method
and, getting rid of aforementioned assumptions, we establish its consistency and asymptotic normality. We show, by simulation, that
the newly proposed estimator behaves well both in terms of bias and mean squared error.
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1 INTRODUCTION

Let (X7,Y;*),i=1,..., N > 1be asample from a couple (X*,Y™) of independent positive random variables
(rv’s) defined over some probability space (€2, A, P) , with continuous distribution functions (df’s) F"* and
G* respectively. Suppose that X* is right-truncated by Y*, in the sense that X is only observed when
X; <Y;". Throughout the paper, we will use the notation () := S(oc) — S(z), for any S. We assume that
both right-tail functions F~ and G are regularly varying at infinity with respective tail indices —1/7; and
—1/72, notation: Fe RV (_1/4,) and G e RV(~1/,)- That is, for any s > 0

F* (st G (st

7*(8 ) — s Y7 and # — 3_1/72, ast — oo. (1.1)

(1) G (1)
Let us now denote (X;,Y;), i = 1,...,n, to be the observed data, as copies of a couple of rv’s (X,Y) with
joint df T, corresponding to the truncated sample (X/,Y*), i = 1,..., N, where n = ny is a sequence of
discrete rv’s. By the strong law of the large numbers, we have

ny/N - P(X*<Y*) = /Ooo G (2)dF* (z) =: p, (1.2)
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as N — oo, almost surely (a.s.), where p stands for the percentage of the observed data. This property
allows us to assume, without loss of generality, that for any subsequence a,, of n, we may drop “a.s.” in
the strong limit a,, = a < oo as N — oo. For z,y > 0, we have

T (x,y) :=p* /Oy F* (min (z, 2)) dG* (2),

having (marginal) right-tails

Fz) = —p~! / T E () dF (2) and G (y) = —p~! / TR (2)dE (2).

Note that I € RV(_1/,) and G € RV(_1,,), Where v := y172/ (71 + 72) (see, e.g., [7]). Motivated by an
application to real dataset of lifetimes of automobile brake pads ([13], page 69), recently [7] introduced an
estimator of v, defined by

Vo (k2)7 (k1)

Vo (k2) =7 (k1)
where k; = ki (n) and kg = kg (n) are two distinct sample fractions used, respectively, in Hill’s estimators

([100)
Zl n Z+1nandfy2 ]{72 Zl n H—ln

nkln nkgn

31 (kh kQ) =

of tail indices v and 7, with Xy, < ... < X,,., and Y1, < ... <Y}, being the order statistics pertaining to
the samples (X1, ..., X,,) and (Y1,...,Y},) respectively. [2] considered a single sample fraction k = k1 = ko
satisfying 1 < k < n, k — oo and k/n — 0, as N — oo, and defined the corresponding estimators of ~, 72
and vy, by

1 k Xn—i-‘,—l:n ~ 1 k Yn—i—i—l:n

Fim = loganTitln oz 10 jog initln
i ki=1 & Xn—kn 72 ki=1 & Yok

and

lk k 1 aniJrl:n lo Yn—j+l:n
;?gGS) — k=t~ Xn—km & Yok
ko Yn—i+l:an—k:n
=1 Yn—k:an—i+1:n

Assuming regular variation conditions (1.1)) and the tail dependence assumption (see, e.g., [16]) , they also
provided a Gaussian representation is terms of a two-parameter Wiener process which leads to asymptotic
normality of %GS). More recently, [3] proposed a new estimation method based on the product-limit

estimator of underlying df F*, to derive the following estimator

BMN n—i+1: n) n i+1: n) Xn—i+1:n
S e I

n i+1: n) n z+1:n)

where

is the so-called product-limit Woodroofe’s estimator [18] of df F* and C,, (z) := n~! Z Ii x,<z<v;}> where

I 4 stands for the indicator function of set A. The authors also established the conswtency and asymptotic
normality of their estimator but by considering only the case v; < v2. More precisely

Vk (%BMN) — ’yl) BN (1,07), as n — oo,

where

ot =22 (1+ (n/92) (1+ (n/12)%) / (L= (n/72).
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The bias reduction of this estimator was addressed in [4], [3], [11] and more recently in [14]. For their part,
[19] proposed a similar estimator to %BMN) (with deterministic threshold) and established its asymptotic
normality by assuming condition v; < 72 as well. Although this condition seems reasonable, it is better that
it is not imposed. In conclusion, as mentioned above, the asymptotic behavior of the already proposed
estimators was studied either by making restriction of tail indices or by assuming the tail dependence
condition between the truncation and truncated rv’s. To get rid of these assumptions, we propose an

alternative estimation method that we next give their details.

1.1 New estimator for the tail index ~;

We have already noticed that both two estimators of the tail index 71, given by [3] and [19]], are based on
the nonparametric product-limit estimators of the underlying df F*. Although , this approach provides
good estimators in terms of bias and the root mean squared error (rmse), their corresponding consistency
and asymptotic normality are valid only for Pareto-type models satisfying assumption v; < 72. Then our
main goal is to define an estimator for v, that works for both v; < v2 and v > 2. To this end, we introduce
a new estimation method inspired by the log probability weighted moments (LPWM) estimation method,
for complete data, given recently by [5]]. Let us define the following ratio of tail expectations

E [(G(X))" (log(X/t))* | X > t]
E[(G(X))" | X >t
For suitable values of r and s with large ¢, the ratio L, (r, s) serve us to estimate the tail indices (v, 3,72)

and also the second-order parameters (pr, p, pc) , given in (2.1) and (2.2]) , which is out of scope of the
paper. Indeed, we showed in Proposition [6.1] that

Ly (r,8) :=

, 1,s2>0,1>0.

S
Y1y
Li(r,s) > [——21 ) T(s+1), ast — o0,
(1) ((Hr)%—m) (s+1)

where I': z — [ 2*te *dx, z > 0, is the usual gamma function. In particular, we have
[ 1log (z/t) dF ()
=L (0,1) = =¢ — — 7y, ast —
Y=L (0,1) ) gl 00
and G ()] dF
t
Bri=L(1,1) = J; (Sf):’g“/ JIF(@) 5 st oo
[.° G (x)dF (x)
where
__nry __mm
-7 Zntoe
This mean that T (5) dF
fo G (z)dF (x)
is regularly varying with at infinity with tail index —1//. It is clear that the above f—formula, implies that
V= i
26 —7’

which will used to estimate v, by means of Hill’s estimators 7 and 3 that will be defined below. To this
end, let us t = X,,_j., and then replace, in /5; above, both F' and G by their respective empirical df’s

Fn (ac) ZH{X <z} and G ZH{Y <y}

=1

to get
I . 1og(a:/Xn ken) AFy, ()

fxnk ) dFy (z) ’
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which equals
k
,8 = z Cin log (Xn—z'—i-l:n/Xn*kln) )
i=1

where _
_ G (Xn—i—Hm)
Zf:l én (Xn—i+1:n> .
Finally, by using the above formula of v, we end up with a new estimator for +; as follows
~ By
~y : QB ~ ﬁ (1.3)
To establish the consistency and asymptotic normality of 7, we will make use the tail empirical process

technics given in [9], which is used recently by [4] in the truncation case. The tail empirical process
corresponding to df F, by

Cin -

Dg) (z) == M7(11) (x) —r(z), forz > 1,

where I 4F, ()
n \W _
= xfo"*’“" = nFn (Xp_pma) and ry (z) := 21/,
anikm dF, (w) k

so that o
N—y= / e 'DW (2) da.
1

Likewise, we define the tail empirical process corresponding to df H, by
D1(12) (z) == My(f) (x) —ro(x), 2, for x> 1,

where
(w) dFy, (w)

(w) dF, (w)

oo
(an—k;:n) _ fCL‘Xn—k:n
(Xn—k::n) f;jsz:n

_ an
M,S2) (x) := }i;n el and ry (z) := 218,

so that ~
g—p= / 27 'D@) () d.
1

By using formula (1.3)), we get

V== / x ! (cnlDS) (x) — cnng) (x)) dx, (1.4)
1
where 9 2
9 ~
= b and c,9 = 7

(v —28) (v — 28) (3_2g) (v —2p)

By means of previous functional representations and weak approximations corresponding to pV (x)
and D) (x) below, we establish both consistency and asymptotic normality of 7,.The rest of the paper is
organized as follows. In Section[2} we state our main results, namely consistency and asymptotic normality
of 7. A simulation study is carried out, in Section 3} to illustrate the performance of 7. The proofs are

postponed to Appendix [5| whereas some results that are instrumental to our needs are gathered in the
Appendix [l
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2 MAIN RESULTS

Next we need to the usual second-order condition that specify the rate of convergence of regular variation
functions. More precisely for a given function ¢ € RV (_; /), we assume that

1 <90 (tl‘) _ xl/&) N xil/a&, for x > 0,
Ay (t) \ @ (1) o

where |A,| is regularly varying (at infinity) with tail index (second-order parameter) 7/a < 0 [?, see, e.g.,
]1deHS96. A function ¢ satisfying this condition is denoted ¢ € 2RV (_;/q4) (Ay, 7). For convenience, we
set A, := A, o Up, where Uy, := (1/f)<_ with

L™ (w):=inf{v: L(v) >u}, for0 <u <1,

denoting the (left-continuous) the quantile function pertaining to a (right-continuous) df L. Since F' €
RV(_1/y) and G' € RV(_y/,,), then we may assume

Fc Q'RV(,l/,Y) (AF, pF) and G € 273]/(,1/72) (Ag, pg) . (2.1)
Since H € RV (_1,4), thus we may also suppose that
Hec Q'RV(,l/B) (AH, pH) . (2.2)

Theorem 2.1. Assume that condition (2.1)) holds. Let k = ky, be an integer sequence satisfying k — oo and k/n —
0. In addition, if condition (2.2) is fulfilled, then, there exists a sequence of Wiener processes {W,, (z), = > 0}, ,
such that for every small 0 < v < 1, we have N

sup =¥ Dg) ({E)} LA 0,:=1,2. (2.3)
x>1
Moreover ' A . b
sup 2’ |[VEDY (z) — LW (z) — VEBDY (1‘)‘ =0,i=1,2, (2.4)
z>1

provided that kAR (n/k) , VkAg (n/k) and kA (n/k) are asymptotically bounded, where
LW (z) := W, (a:_l/v) — YW, (1)

and
B/y) LY (x) = &= VB L&MW, (271/7) = W, (1)}
=1/
- / S5-I, () ds
0
1
—(1—~/B) a8 / B2V, (s) ds,
0
with

B x—l/vprM -1 ﬁpo/B -1

B (z) = Ap (n/k) and BP (z) == =Y/

PEY pHpB

Thereby, in view of the representation (1.4) and by using respectively the two results of Theorem 2.1 we
end up with the consistency and asymptotic normality of 7, given in the following theorem.

Theorem 2.2. Assume that (2.1)) holds. Let k = k,, be an integer sequence satisfying k — oo and k/n — 0, then

~ P
Y1 — Y1, as N — oo.

In addition, if is fulfilled, then
VR =) = Zut + Zuz + p+ op (1),
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where ( 2B)2 .
FYQTZTH = '7/0 S_IWn (S) ds — YWy, (1)
and
_M — T ' /B2 _
. Zna = (27 B)B/O s Wi (s)ds —yW, (1)

1
+ <; - 1) ?/0 $71972W,, () (log ) ds,

provided that VkAg (n/k) = O (1), VEAR (n/k) — Ap and VkAg (n/k) — g, where

p 280 200 A (=20

2.5
1 —pr 1 —pu @3)

This implies that
\/E(:y\l - 7) —>N(u,o2), as N — oo,
where 6o (oo )
2. B8 =287 +297)
@ -9 (-2
Remark 2.3. The complete data case corresponds to the situation when § = 7, in which case we have

v = 7. It follows that V& (3; — 1) 2 N (A (1=pr),7i), as N — oo, which meets the asymptotic
normality of the classical Hill estimator [10], see for instance, Theorem 3.2.5 in [9].

Remark 2.4. In terms of the tail indices 7; and 2, we have

L0/ /) + 0 (5 (/) +4m /e +1)
wo (/12 + D) B (/) + 1)° |

Remark 2.5. We show that the ratio between the asymptotic variances o7 and o3 equals

2 (1-a) 2z +1)* (52% + 4z + 1
0%:( 2°) 2z +1)" (52 : v ),wherex:zvl/w,
o2 (1+22) (32 + 1)

and
{ 1<o0?/05 <3.2, for0 < /v2 <0.94125

0<o?/o2 <1, for0.94125 < 1 /72 < 1.

The curve of ratio 0% /03 in the interval (0,1), given in Figure ??, illustrates the previous inequalities.
We conclude that 7, is asymptotically more efficient than &\gBMN) for 0 < v1/72 < 0.94125, otherwise
’V\EBMN) is asymptotically more efficient than 7. It is worth mentioning that the comparison is made for

0 < 71/72 < 1, because the asymptotic normality of %BMN) is established only for 0 < v; < 7s.

3 SIMULATION STUDY
(BMN) (GS)

In this section, we check the finite sample behavior of 7; compared with 7; and 7; 7’ in terms of
absolute bias and rmse. To this end, let us consider sets of truncated and truncation data drawn from Burr
(v, 6) and Fréchet () models with respective df’s

_ -6/
f(:c):(1+:c1/5) 220,050, 9>0;

and
F(x)=1—exp (—x_l/w) , x>0, v>0.

Let consider the following scenarios that correspond to df’s F* and G*:
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o
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X _
<o |
o | 0.94125
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0.0 0.2 0.4 0.6 0.8 1.0

Fig. 2.1. Plotting of the ratio f (z) := 07/03 as function of x := 71 /72 on the interval (0, 1).

’Y1:0.6,5:1 4

P
30% (90%) [ 40% (60%)

v
[S1] | 0.257 (5.4) [20.093 (3.843) | [52]

[S3] | 0.167 (4.701) | 0.420 (5.272) | [S4]

TABLE 1. Choices of the tail indices and corresponding percentages of observed sample for each scenario.

S1] Burr (71, d) truncated by Burr(yz, 6)
S2] Fréchet (1) truncated by Fréchet (72)
S3] Fréchet(v;) truncated by Burr(vs, d)
S4] Burr(7;,0) truncated by Fréchet(~2)

— p— p— p—

First, we fix the values 0.6 for v; and 1/4 for ¢, then choose different values for 7 so that the percentage of
observed data p given in , be around of 40% and 60% for both scenarios [S2] and [S4] while we choose
30% and 90% for both scenarios [S1] and [S3]. The choice of parameters provides couples of (v1,72) of
different order, that is 7; < 72 and 7; > 72, which may be obtained by numerically solve, in v, Equation
(1.2). The results are recapitulated in the following table:

Thereby, for each scenario, we choose two triplets of parameters (71,72, p) as follows:

e S1:(y1,72,p) = (0.6,0.257,30%) ; (0.6,4.701.4, 90%)
e 52:(v1,72,p) = (0.6,0.093,40%) ; (0.6, 3.843, 60%)
e 53:(v1,72,p) = (0.6,0.167,30%) ; (0.6, 4.701, 90%)
e S4:(y1,72,p) = (0.6,0.420,40%) ; (0.6, 5.272, 60%)

We vary the common size N = 300, 500, 1000, 1500 of both samples (Xi,...,Xy) and (Y1,...,Yy), then
for each size, we generate 1000 independent replicates. For the selection of the optimal numbers of upper
order statistics used in the computation of the three aforementioned estimators, we apply the algorithm of
[15] page 137. Our illustrations and comparison are made with respect to the absolute biases (abias) and
rmse’s, which are summarized in the four Tables [213[{415/and the eight Figures .

In the light of all tables and Figures , the overall conclusion is that 7; behaves well both in terms of bias

and rmse and having a finite sample behavior almost close to ﬁgBMN). Moreover, both the two estimators

perform better than %GS) in particular in small sample case and for small percentage of observed data p,

on the other termes the later becomes unstable for small sample sizes. On the other hand, as noted in two
Remarks[2.4{and ﬁ that 7, is asymptotically more efficient than ﬁ(lBMN) for “almost” all positive couples

(71,72) , which also makes our new estimator more advantageous regarding to the two other ones.
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p=20.3
3, :y\gBMN) %Gs)
N n abias rmse | abias rmse | abias rmse
300 90 0.398 0.448 | 0.403 0.442 | 0.445 4.911
500 149 0.236 0.469 | 0.226 0.320 | 0.418 3.989
1000 300 0.187 0.459 | 0.171 0.276 | 0.460 2.731
1500 450 0.144 0.362 | 0.144 0.276 | 0.342 1.830
p=09
300 270 0.007 0.138 | 0.004 0.138 | 0.042 0.346
500 449 0.001 0.110 | 0.002 0.110 | 0.016 0.172
1000 899 0.008 0.076 | 0.005 0.076 | 0.021 0.117
1500 1350 0.004 0.065 | 0.002 0.065 | 0.019 0.098

TABLE 2. Absolute biases and rmse’s for the tail index estimators correspond to scenario S1 based on 1000
right-truncated samples.

p=04
/’?1 agBMN) ’/yngS)
N n abias rmse | abilas rmse | abias rmse
300 125 0.340 0.577 | 0.319 0.361 | 0.606 5.983
500 208 0.345 0.565 | 0.273 0.327 | 0.607 5.896
1000 416 0.264 0.509 | 0.243 0.298 | 0.428 1.326
1500 626 0.212 0.423 0.218 0.279 0.440 1.760
p=20.6
300 182 0.008 0.163 0.012 0.164 | 0.054 7.398
500 304 0.010 0.127 | 0.014 0.127 | 0.001 0.208
1000 608 0.008 0.091 | 0.010 0.091 | 0.004 0.145
1500 912 0.009 0.076 | 0.011 0.077 | 0.004 0.124

TABLE 3. Absolute biases and rmse’s for the tail index estimators correspond to scenario S2, based on

1000 right-truncated samples.

4 CONCLUDING NOTES

By using the well-known probability weighted moment estimation method, we derived a new estimator
of the tail index for right truncated heavy-tailed data and established its consistency and asymptotic
normality without additional assumptions on the underlying df’s. Moreover, the proposed method may
also serve to estimate the second order parameter pr which is of practical relevance in extreme value

p=0.3
=3 %BMN) agGs)
N n abias rmse | abias rmse | abias rmse
300 99 0.371  0.490 | 0.357 0.411 | 0.681 4.827
500 165 0.226  0.574 | 0.233 0.310 | 0.599 1.803
1000 331 0.181 0.465 | 0.165 0.278 | 0.357 2.912
1500 498 0.179  0.401 0.153  0.267 | 0.422 1.829
p=20.9
300 273 0.023 0.147 | 0.027 0.147 | 0.513 11.574
500 456 0.011 0.110 | 0.014 0.110 | 0.024 0.158
1000 911 0.008 0.078 | 0.010 0.078 | 0.011 0.118
1500 1367 0.010 0.067 | 0.012 0.067 | 0.005 0.098

TABLE 4. Absolute biases and rmse’s for the tail index estimators correspond to scenario S3 , based on

1000 right-truncated samples.
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p=04
:Y\l :Y\SBMN) ’/yngS)
N n abias rmse | abilas rmse | abias rmse
300 121 0.177 0.494 | 0.170 0.317 | 0.975 11.564
500 201 0.080 0.594 | 0.112 0.297 | 0.288 3.733
1000 403 0.059 0.327 | 0.093 0.247 | 0.189 1.231
1500 604 0.047 0.256 | 0.062 0.246 | 0.164 3.483
p=0.6
300 180 0.011 0.158 | 0.007 0.156 | 0.057 5.154
500 300 0.008 0.126 | 0.005 0.125 | 0.170 4.699
1000 601 0.006 0.091 | 0.002 0.091 | 0.011 0.150
1500 902 0.006 0.076 | 0.003 0.076 | 0.002 0.116

30

TABLE 5. Absolute biases and rmse’s for the tail index estimators correspond to scenario S4 , based on

1000 right-truncated samples.
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Fig. 3.2. Absolute bias (left panel) and RMSE (right panel) of 7; (blue) and ¥ 71

corresponding to scenario S1: (1 = 0.6, y2 = 5.4 and p = 90%) based on 1000 samples of size 500
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corresponding to scenario S1: (y; = 0.6, 72 = 0.257 and p = 30%) based on 1000 samples of size 500
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Fig. 3.4. Absolute bias (left panel) and RMSE (right panel) of 7, (blue) and %BMN) (red) and QSGS) (black),
corresponding to scenario S2 : (y; = 0.6, 72 = 3.843 and p = 60%) based on 1000 samples of size 500
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Fig. 3.5. Absolute bias (left panel) and RMSE (right panel) of 7, (blue) and %BMN) (red) and %GS) (black),
corresponding to scenario 52 : (y; = 0.6, 72 = 0.093 and p = 40%) based on 1000 samples of size 500

analysis due its crucial importance in selecting the optimal number of upper order statistics £ in tail
index estimation (see, e.g., [9]) and to reduce the bias of such estimation. The asymptotic behavior of the
obtained reduced bias estimator may be also established by means of the two tail empirical processes

DY) (x),i=1,2. This problem will be addressed in our future work.
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Fig. 3.6. Absolute bias (left panel) and RMSE (right panel) of 7, (blue) and %BMN) (red) and %GS) (black),
corresponding to scenario S3 : (y; = 0.6, 72 = 4.701 and p = 90%) based on 1000 samples of size 500
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Fig. 3.7. Absolute bias (left panel) and RMSE (right panel) of 7, (blue) and %BMN) (red) and QSGS) (black),
corresponding to scenario S3: (y; = 0.6, 72 = 0.167 and p = 30%) based on 1000 samples of size 500
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Fig. 3.8. Absolute bias (left panel) and RMSE (right panel) of 7, (blue) and %BMN) (red) and %GS) (black),

corresponding to scenario S4 : (y; = 0.6, 72 = 5.272 and p = 60%) based on 1000 samples of size 500
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Fig. 3.9. Absolute bias (left panel) and RMSE (right panel) of 7, (blue) and %BMN) (red) and QSGS) (black),
corresponding to scenario S4 : (y; = 0.6, 72 = 0.420 and p = 40%) based on 1000 samples of size 500
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5 APPENDIX A
It is worth mentioning that, since n/N — p a.s. as N — oo, then for a random sequence Zy B 7 as

N — oo, we have Z, B ZasN = 00, too. The proof of this matter is similar as that is used in Lemma 3.7
in [3]. In other words, the results regarding to convergence in probability of a sequence of rv’s indexed
by N can also be used by indexing by n.

5.1 Proof of Theorem[2.1]

We will only show the results of the Theorem for i = 2, since those of case i = 1 become trivial when
replacing (3 by . To start, first recall that DY (x) = MP (z) —2~YB 2 > 1, where

M (1) = Ho e Xnckn),
Hn (ank n)
and e dF,
7, (x) = e ot U ()
Jo© G (w) dE, (w)
Observe that M,? (x) = AP (x) /Ag) (1), where
n .« —
T ex, i G (w) dF, (w)

" ' én (Xn—k:n)
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Thus, we may write

AR (@) = (/1) a7
P == e
Up(n/k) and decompose AP (x) — (B/7)

1//3A (1) 5/’7

AP (1)
Let ap =

2~ 1/8 into the sum of

T () = 1 (an (x}nm } G(Xik:m) /;o Cn (w) dF, (w),

Xn—kin

o (z) = —/ kk ) / T (G (w) - T (w)) dF, (w),

KXn—kin

G(X
Z( X ) <1ak>)/; & w) dFy (),

Xn—k:n

T (2) = G”(/a ’Z) / G w)dR, (),

xXn—k:n

Tos (z) := Gn(/ai) /OOG

(w) d (Fn (w) — F (w))
and

n/k [ _
Tos () 1= 2o [ G lw)dF () = (8/7) 572
G (ak) zay,
Making use of (5.1) , we way write

AP (1) D (@) = 3 (T (@) = &7V (1) + BP (2).

where

BY (z)

Tnﬁ( )—{I,‘*l/ﬁTﬁ(l)
nk:

- /G )dF (w) — 2~ Y/5 ”/k/ G (w) dF (w

Next, we show that for every suff1c1ently small 0 < 7,e < 1/2, we have

VET,i(x) = op (0(z)), fori=1,2,

VE (Tpa(@) + Tua(@) + Tz () = L (2) + op (0 ()

and

. pu/B _
B () =2 1/7 (”51 o <x€>) A (n/k),
PHY

uniformly over x > 1, where g (z) = 2~7/8+¢ and L£?) (z) is the Gaussian process given in Theorem.

35

(5.1)

(5.2)

(5.3)
(5.4)

(5.5)
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5.1.1 Preliminaries

Note that F'* and G* are continuous, then it is easy to verify that both df’s F' and G are as well, therefore
the two rv’'s U := F'(X) and V := G (V) are uniformly distributed on (0, 1). Let

Uy, (5) ZH{U <s} and Vn ZH{V <s}>

denote the uniform empirical df’s pertaining to the samples
U:=F(X;)and V; :=G(Y;), i=1,...,n,
respectively. We have F (z) = F (z+) , then
I(U; <F(2)) =1(F(X;) < F (z+))
and since F is decreasing then this latter equals
I(X; >a+)=1-1(X; <a+)=1-1(X; <x).

By using similar arguments, we end up with

I(Y;>2y+)=1-1(Yi<y+)=1-1(Y; <y).
Hence for =,y > 0, we may write

F,(y) =Uy, (F (:1:)) and G, (y) = V, (é (y)) . (5.6)

Next, we will use a useful weak approximation, due to [6], corresponding to the uniform tail empirical
processes, saying that: in the probability space (€2, A,P), there exists a sequence of standard Wiener
precesses {W,, (x), = > 0}, such that, for every 0 <7 < 1/2 and M > 0, we have

Vi (Zun <zs> - s> W (s)

On the other hand, we have supy,<); 57" |Wy (s)] = Op (1) [?, see, e.g., example 1.8 in ]]Alex86, which
implies that
(e () )
k n

The previous result remains valid when replacing U, by V,, that is

sup s "
0<s<M

=op(1). (5.7)

= Op (1). (5.8)

sup s "
0<s<M

sup s |VEk (nVn (ks) - s)‘ =0p(1). 5.9)
0<s<M k n

5.1.2 Asymptotic behavior of T,

Note that F' (a;) = k/n, and let us write

k(Gn (Xpn—im) — G (Xn—kwm
Virs — VECuXion) = C (X))
Gn (ank:n)
< /OO an (an—kn)an (an—k:n)
T é (Xn—k:n) F (ak)

%é (Xy_k:n) , we have

VE (G (Xn—kem) = G (Xp_gem)) = %/E <Zvn <Ss) - 3> ,

which, by using the result , equals
Op (1) (k/n) s" = Op (1) (k/n)' ™" (G (Xp—n))" |

Observe that, by letting s =
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for some fixed 0 < n < 1/2. It is worth mentioning that, since X; < Y}, for i = 1,...,n, then X,,.,, < Yy.p,
which implies that V1., = G (Yyn) < G (Xy—gn) < 1, therefore

G (Xn—k:n> o € (Xn—k:n) S

= = — < sup ,

Gn (Xn—k::n) Vy, (G (Xn—k:n)) Vin<s<1 Vn (S)
which, from Proposition is equal to Op (1). On the other hand, G, (w) = 0, for w > Y,,.,, it follows
that o

k/n >177 /Yn:n/Xnkm Gn (an—k:n) an (an—k:n)
é (Xn—k:n) T G(Xn—k:n) F(ak) ‘

Observe now, that for any w > 1, we have

én (an_k;n) . Vn (é (an—k:n))

VET, = Op (1) <

-~ Y

a(‘Xn—lc:n) G (an—k:n)

and, since G (WX, k) < G (Xy—kn) , then in view of Proposition the latter ratio is less than or equal
to supy,, <s<1 Va (s) /s = Op (1), hence

B k/n I=n oo G (wXn_gm)  Fn(wXp_kn)
VT, = Op (1) (G(Xnk:n)> /x G (Xotn) d Tl

Next, we require to the following Potter-type inequalities [?, see, e.g., Proposition B.1.10, page 369 in]JdeHF06
corresponding to regular variation functions.

Proposition 5.1. Let g € RV (,) with a € R. Then, for any sufficiently small € > 0, there exists ty = to (¢) > 0,
such that |g (ts) /g (t) — s~% < es”*max (s~¢, s, for any t > to and s > 0.

For the sake of simplicity, we set 2"*¢ := z” max (z7¢, 2¢) and Fec = =e for € | 0 and any real constants

v and c. Note that X, ., /ax B 1, then by using the previous proposition, we readily show that
G (ank:n) /G (ak) = Op (1) and

=0Op (w_1/72+6> , as N — oo,

uniformly on w > 1. Thus
k/n 1-n & _ F ('IUX —k: )
VT, = Op (1) < ) / w-V/tegtn (WAn—kn)

1 G (a) v F(ar)

Recall that , since F, (w) = 0, for w > Xy, and F, (WX pip) = Uy (F (0X,_k:n)) , then by using an
integration by parts to the latter integral and then Proposition yields

i = on0(gias)

y {x—l/’YQ-HF(‘rXW N / °° de—l/vm} _
F (ag) x F (a)

Making use of Proposition [5.1| and after integration, we show that both two quantities between brackets
equal Op (g;—l/ m-1/ 7+¢) = Op (o (¢)) uniformly on z > 1. On the hand in view of Proposition we have

G (ay) = O (1) (k/n)""?  then 1
(’f/” ) T ()M
G (ax)

Recall that0 < n < 1/2and 0 < /v, < 1, then (k/n)1"P0=7/72) = 4 (1) | it follows that VAT, = op (0 (2)),
uniformly on z > 1.
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5.1.3 Asymptotic behavior of T,
It is clear that

R (@ X - Tl By (WX jn)
\/ETn2 = é (ank:n> /:c \/E (Gn ( Xn—k:n) G( Xn—k:n)) d o (ak) :

For convenience, we set by, := Ug (n/k) so that G (b;) = k/n. It is easy to verify, from (5.6]) , that

%\/% (G (WX kn) — G (WX en))

= Vi (1 (5T @) [B0)) T (0 B0,

k
which, by using , equals Op (1) (G (wX,_kn) /bg)" , uniformly on w > 1, therefore
,IC/TL < — F, (an—k:n)
’ P( ) G(Xn—k:n) T ( (w & )/ ( k)) F(ak)

By using the routine manipulations of two Propositions [6.2]and [5.1] we get
k/n Xy \ 2EC oo _
VET,2 = Op (1) = ( n ”) / n/v2F€ Jop— 1/ 1Fe.

? : ( ) G (ank:n) bk T v v

Recall that X,,_.,, = (1 + op (1)) ax, then by making use of Proposition [6.4] it is easy to verify that
—n/v2ke

_ k/n (Xn,m) /2 — Op (1) (/n) (1= =7/ 204

G (Xn—k:n) bk
Since v/y2 < 1 and [ % w2+ dw=1/7*+¢ = Op (o (2)), then VkTy2 = op (0 ()) , uniformly on z > 1.

5.1.4 Asymptotic behavior of T3

\/%Tngzx/E<G(a’“) )—1) /:o G w) 4 Fn (w)

Observe now

G (Xn_tn X ke G (ay) F(ap) ’
d _
" (o)
G (ank:n)
_ G (ar,) a, \ V7 ap, ™
ol () ) () T
=: In1 + Ino.

Next we show that I,,; = op (1) . Indeed, we have G € 2RV (~1/~) (AG; pc) which implies that for possibly

different functions Ag, with Ag () ~ Ag (t), as t — oo, and for each 0 < € < 1, there exists ty = to (),
such that for all tz > t; we have

G (tz) /G (t) — z7 1/ 1/ zPa/r2 1
— -z _

< ez Ve, (5.10)
Ag (t) paY2

[?, see, e.g., Proposition 4 and Remark 1 in]]HJ-2011. We will use this inequality with ¢t = t,, = X,,_., and
2= 2p = ap/ Xn_gm- Since z, = (1 + op (1)) then 2Pl 1 = op (1), it follows that

G (ak) a —1/72 _
G(ank:n) - (Xnkn) —op (1) ’AG| (X”—kin) .
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Since |Ag| is regularly varying, then Ag (X, _kn) = (1+o0p (1)) Ag (ar). Recall that by assumption
VEAG (a) = VEAg (n/k) = O (1), it follows that I,,; = op (1) . The term I,,» may be decomposed into

()T () ) () )

By using similar arguments as used for I,,;, we also show that the first of the previous quantity equals
op (1) . For the second term, we use assertion (i) in Proposition[6.2] to get

Vi ((”Uk’“”yww - 1) = YW, (1) +op (1).

72

It is now easy to show that

~ G(w) F,(w) a Y1/
G d= = +o z)),
therefore )
VKT = —HeTlrw, (1) + :
T (1) + op (0 (x))
uniformly on z > 1, which may be rewritten in terms of tail index § = v1v/ (271 — 7) , into
VETos = (1= /7)) 2P W (1) + op (o (x)). (5.11)

5.1.5 Asymptotic behavior of T4
Let us write

_ z @( k) Fn(wak)
VETha(z) = \/E/xxnk:n/ak Gla )d Fag)

which may be decomposed into the sum of

VETD (2) = _\/%/I n kn/akw_lmd< (wak)( l)ﬂ"( )>,

xT

VT = Vi [ e (;z”k’;) ~wth)

and

\/%Ty(j)(x) = —\/%/ w2 dw 17,
n kn/ak

We will show that \/ETTSB(Z') = op (0 (z)) , the proof of the other terms follow by using similar arguments.
For convenience, we set ¢,/ := min (1, Xp—k:n/ax) and c;: :=min (1, X,,_g:n/ax) , and apply Proposition
(to G), we get

W, Jrae g (war)
\/ETnAL( ) ( )\/> xCc), B +d F(ak) ‘

and ¢ =1+ op (1), then

VE[Fo (X0 kn) = Fo (zag)|
F (ag) .

) _ “1/yat
Since w~1/2te < (zcf) [r2te

VRIS @) = op ()

Observe that the previous ratio is less than or equal to

\/%‘Fn (X kn) — F (2 X0 k) ‘ \f‘F zay) — Fy, (a:ak)}'
F (ag) F (ag)
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By applying twice, we show that both terms equal Op ((k Jn)t/2 g/ 7+€> , it follows that

VIT) (2) = op (+71/2717) = op (o ().

For the last term we use an elementary integration to write

—1 —1
VRTG 0) = et ( (et ) B
" ’y+72

ag
then we make use of assertion (ii) in Proposition [6.4] we obtain

VETS () = —2 YPW,, (1) + op (0 (2) = VET ().

5.1.6 Asymptotic behavior of T,

Recall that
n/k

G (ar)
The change of variables s = G (w) /G (ax) gives w = Ug (1/ (sG (ax))) and therefore

Tno = Z/OG(WG(%) * ( <UG <G1k>>> - (UG (sG tw))) ’

which by an integration by parts may be rewritten into the sum of

Ths (x) == /OO G (w)d(F, (w) — F (w))

TV = n G (vax) (
kG (ar)

15 =g /OG(W)/G(%) <F (UG <sG tw)) -F (UG (GL)))) o

Vi = G (5 (7 ) ) 17w}

and use weak approximation (5.7) to get

ety = ) (i (7 ) on (0 (7 20 )

F, (rag) — F (mak))

and

Observe that

By applying Proposition [5.1{twice (for G and F'), we get
\/ET%) e~ Vew, (k: (xak)) + op (x_1/72_"/7+6> .

) N 1 .
For convenience, we set h,, (s) := kF (UG (gé(a@)) to write
G(zar,)/G(ar)
VRS = - / vk (Zun <ihn (s)> by (s)) ds,
0

which by using weak approximation ({5.7) equals

G (za)/G(ar) G(xzay)/Gax)
— / Wi, (hy () ds 4 op (1) / (ha ()" ds.
0 0

Observe that F (Ug (1/G (ax))) = k/n, it follows that

i) =7 (Ve <G1k>>> /7 (ve (G(law)) |

40

(5.12)
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Note that F o Ug (1/-) € RV(,, /) near zero, then by the routine application of Proposition we end up

it G(zay)/G(ak)
/ R (hn (8))"ds = O (x_"(l/’YQ‘H/V)-i-é) '
0

Hence, we showed that

_ G(zay)/G(ar)
VET,s =z~ YW, (%F (mak)> - / Wi, (hn () ds + op <x_’7(1/72+1/’y)+6) .
0

Observe now that, by using the mean value theorem, we get
G(zay)/G(ar) G
/ Wi (T () ds = (G(m’f) - x—l/w> Wi (hn (g (1))
x—1/72 G (ak)
where g, (z) is between G (zay,) /G (az) and z~/72. It is easy to check that
B (gn (2)) < (1 + ex€) 2~1/7, forany = > 1,

it follows that

D [ (o (90 (2)))"/2 W (ha (g (2))| < sup  [Wo ()],
r>1 0<u<l+e

which is stochastically bounded, therefore

€($ak) B xfl/'yg
G (ar)

uniformly on = > 1. By using the routine manipulations of Proposition we show that

G (vag) /G (ar) — V2 — (x_l/WJ“) and (hy, (gn (x)))—l/Q -0 (x_l/(Z’Y)-Fe) ’

)

(zar)/G(ak) _1/2
/ W (hn (5)) ds = Op (1) (fn (g (2)))

z—1/7v2

thereby
G(zay)/G(ar)
/ Wi (ha () ds = op (27127 V2D ) = 0p (o (2))

z—1/72

because 0 < 1 < 1/2. Next we show that
"7 —1/y
(i) ) )

uniformly on w > 1. Let us fix d > 0 and set oy, ( % (xag) — x —1/ 7‘ to write

W (4F (:caw) ~w, (71| > a)

_p <supx1/<27>-€ Wi (on ()] > d) _Pp (|Wn (1)] sup 2/ (g, ()2 > d) ,

w>1 w>1

P <sup 2/ (27)=e

w>1

which, by Markov’s inequality, is less than or equal to d~2sup,~; z"/®1=¢ (g, (z))"/%. Since o, (z) =
o (z~1/7*€) | uniformly on w > 1, then the latter probability equals o (1) as sought. Hence, we showed that

z—1/72 z—1/72
/ Wi (o (5)) ds = / Wi (572/7) ds + 0p (o (x)
0 0
thus

z—1/72
VkTs = 2~/ 2W, (:1:*1/7> — / Wi, <s”2/7> ds+op (0(x)).
0

By using a change of variables, the latter equation becomes

-1/~

VETps = /718w, (x—l/V) +(1—~/8) / ’ OB=2W, (#) dt + op (o (2)) . (5.13)
0

It follows that, from (5.11)), (5.12)) and (5.13), that (5.6) is indeed true.
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5.1.7 Asymptotic behavior of BY (x)
It is easy to verify that

By using inequality (5.10) (applied to H), that for possibly different functions Ap, with Ay (t) ~ Ag (8),
as t — oo, and for each 0 < € < 1, there exists ¢ty = ¢ (¢) , such that for all ¢ > ¢ty and = > 1, we have

H (tz) /?(t) —z~ B B x_l/ﬂpo/ﬁ -1
Ay (1) puB

< exL/Bte,

Thus by letting ¢ = ay, we write

H(zar) /s _ 1/5(90”’/5—1 e>~
7 (ar) T =z b +o(z%) ) Ag (ag) .

uniformly on z > 1. Since Ag (az) ~ Ag (n/k) then

H (zay) _ VB _ -8 | o (2¢ n
o ( +o(e)) Viha (n/8)

On the other hand, we have

[ G Fw s
a, Glax) Flar) 7
~ pH/B _
it follows that B\ (x) =z~ 1/P (z ! +o (aze)) Ag (n/k), uniformly on « > 1.
PHY

5.1.8 Summarize
Up to now we showed that

VE (AP (2) = (8/7)277) = €, () + VEBP (2) + op (0 (1)),

where

=1/
0, (z) = =1/~ 1AW, ($_1/7> - fx—l/ﬁwn (1) + (1 - g) / 782w, (1) dt,
0

uniformly on x > 1. Recall that ¢ (x) = /% and note that ©,, (z) = Op (¢ (z)) and BY (x) = op (0(x)),
because Ay (n/k) = o(1), it follows that

AP (@) = (8/7) a7 = op (0 ().
Let 0 < v < n < 1/2 be sufficiently small, then

217 (AP (@) = (8/7) 5 F) = op (al0/P+)

uniformly on = > 1. It follows that

sup /% |AD () = (8/7) 27| B o
z>1

and AY (1) B 8/~, thus by we get sup,>; 2*/8 ’D%Q) (x)‘ B 0, as well, which gives (2.3) (for i = 2).
Observe now that

VE (AP (1) = (8/7)) = 6, (1) +0p (1),
it follows form , that
\/EAS) (1) Dg) () =0, () — z 1P, (1) + \/%E,?) (x) 4+ op (0(x)).

It is ready to check that ©, (z) — 2~'/%9,, (1) = c? (x), thus the weak approximation (for i = 2)
comes. This completes the proof of the theorem.
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5.2 Proof of Theorem 2.2
Recall that o 00
N—7= / x_lD,gl) () dz and B - B = / x_lfo) (x) dx.
1 1

By applying respectively the two first results in Theorem we easily show that 7 i ~and 53 , that
we omits further details. To establish the asymptotic normality, let us first write

= — T ) — B-8). 5.14
NN =G o Y (7 - 25) (7 —28) < ) .

By making use of, respectively, two Gaussian approximations in Theorem [2.1|yields
VEF —7) = / e LW (x) de + / e WEBY (x) dz + op (1)

1 1
and

Vi (B — 6) = /10O e L) () da + /OO " WEB? () dx + op (1) .

1
By using an integration by parts with a change of variables, we end up with

1
@(3_7):7/ s_IWn(s)ds—’yWn(l)—l-W+0P(1)a
0 PE
and

VE(B-5) = -9 [ 1w ds - 1)

0

TN o (s (o s) ds + YRAE@/R)
#(31) % [ o o) oms) s P o ).

The previous two representations mean that vk (7 — v) and vk (B — B) are asymptotically Gaussian rv’s,
which imply that
VEG =) =0p (1) =VE (8- 5).

Then in view of ([5.14) together with the consistency of 7 and 3, we get

262 \[ R 72 5
e VE ([ =) — V(B 8) +op (1).
(v - 26)* (v —28)° (7-7)
By assumptions, we have VkAr (n/k) — Ar and VEkAg (n/k) — Mg, it follows that

VEG = 71) = Znt + Zna + p+op (1),

\/E@l -m)=

where

_ 2 1
%6225)2711 = ’y/o sTYW, (5) ds — W, (1)
and
_ 2 1
_(77226)2712 ;= (2v-0) ;/0 SO2W,, (s) ds — AW (1)
1
" (g’ - 1> 7;/o $1/072W, (s) (log s) ds,

with s is as in (2.5]) . Note that both Z,,; and Z,,5 are centred Gaussian rv’s, then it remains to compute the
second order moment of Z,,; + Z,2. To this end, let us define the following quantities

1 1
A (p) = /0 sP72W, (s) ds, Ag(p) := /0 sP72W, (s) (log s) ds, Az := W, (1).



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND SIMULATION, VOL. 01, NO. 02, 22—-46 44

Thereby, we write

932
=287 25226) Zn1 = A1 (1) —vAs3
and (4 28)? )
SO = 1= ) 38 0/8) <280+ (3= 1) Taa(0/8).
By using elementary computations, we end up with the following expectations:
2 2(4p—1)
A2 =— A2 =—"= A% =
B[A} ()] = S, 1y B[A3 ()] 21 E[Af] =1,
1—4p 1 1
E[A1(p) A2 (p)] = 1) E[A1 (p) As] = P E[As (p) As] = el
This gives b 1]2 ) ﬂ Bl 2]2 _ ﬁ'yﬁ (52 — 28y + 272)
R R R NCEE T
and
92 4.2
E [anznZ] = _(’yfgﬁ)zp
therefore

EF, - = EZul’ +E[Zu]’ + 2E [Zy1 Zy2] + 0 (1)

B (8% - 287+ 297
T @828 o),

which completes the proof of the lemma.

6 APPENDIX B
Proposition 6.1. Assume that F € RV (_1,,,) and G € RV(_y,,. Then, for every r,s > 0, we have

(X))" (log(X/1))" | X > t] < Y1y
E[(G(X))" | X > (L+7r)m —ry

E[(G

S
> I'(s+1), ast — oc.

Proof. Observe that B
E[(G(X)) (log(X/t))* | X >t] T, (s)

E[(G(X) | X >1] L (0)
here (T (AP (@)
7 [ (G(t)) (lox(e/1)" i

Let us decompose Z; (s) into the sum of

Ty = — /100 a7/ (log z)* d {};(Zc)) — x—l/v}

and Z; 3 == — [° 27"/ (log z)® dz~'/7. Next we show that both Z; ; and Z; , tend to zero as t — co. Indeed,
let us write
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Since G € RV(_1/,,) then G € RV _ therefore by applying Proposition |5.1 yields

7/72)
<G(tx)> _ele <xfr/72+e) =o0(l), ast — oo,
G (1)

for every small € > 0 and uniformly on = > 1. It follows that

_ = s F (tx)
Tia —0(1)/1 (logx)d O

By using an integration by parts, we show that

oL Fln) [P,
/1 (log x) df(t) —/1 = )d(lg ).
)z

~1/7 then the previous integral becomes

Once again, from Proposition 5.1}, F' (tx) /F (t) = (1 + o (z€)

[ ot adoga
1
It is clear that

/ e Y (loga)® = s/ (logz)* ' a1 /7 1dx
1 1

o0
= fyss/ v e Vdy = 4%sT (s),
0

which, from the gamma function properties, is finite for any s > 0. This implies that

/OO (14 o0(29) 2z~ Y7d (logz)® < oo,
1

for any s > 0 and small € > 0, and therefore 7, ; = o(1) . For the term Z; » we use once gain an integration
by parts with similar arguments to get 7, » = o (1) as well. By using elementary analysis with a change of
variables, we show that

I'(s+1)

v (r/v2 +1/7)° Y

L3

thereby

L) TG+l N
7(0) ~ (jm iy oW, ast e

Finally, by replacing 1/v2 by 1/y — 1/~1, we complete the proof of Proposition ]

Proposition 6.2. Let R,, (s) :=n~1Y " 1(& < s), be the uniform empirical df pertaining to a sequence of iid
rv's &, 1 = 1, ...,n uniformly distributed on (0,1) . Then, for n > 1, we have

t L (t
=0Op(1)= sup & ()7
(t) Erm<t<t t

sup
érm<t<1 Rn

where flzn = minlgign (fl) .
Proof. The proofs of the first two assertions may be found in [17] (pages 415 and 416, inequality 2). 1

Proposition 6.3. Let k = k,, be an integer sequence satisfying k — oo and k/n — 0, then

(i) VA (1- (”(fj)) W (1) + op (1).

If the second-order condition (2.1) (for F) holds, then

<< n- ’“”) —1>—a’yWn(l)+0p(1),
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and

... jﬁ($)(n—kn0 _
(i11) VE (1 - F(xak)) =W, (1) +op(1),

uniformly on x > 1, for every real c.

Proof. Let us start by to prove assertion (i) for « = 1. Observe that

VE (1= Ui k) = VE (Tl (Ui /8) = U /K)

and from weak approximation ([5.7) , there exists a sequence of standard Wiener processes W, (s), such
that
VE (5t (U /K) = Ui 1) = W (nUin /K) + 0P (1)

Next we show that W, (nUj.,,/k) = Wy, (1) 4+ op (1) . To this end, let us
€n = [nUkn/k — 1|
which tends to zero in probability. It is clear that for any fixed d > 0, we have
P ([Wy (nUg:n /k) = Wy (1)] > d)
= P([Wy(en)|>d) <P ( sup W, (s)] > d) :

0<s<ep,

For sufficiently small € > 0, the latter probability is less than or equal to

*(

which by using Markov’s inequality is (d~2 4 1) e. This means that W, (nUi.,/k) = W, (1) + op (1). To
show assertion (i) for every real «, it suffices to use the mean value theorem and the fact that nUj.,/k =
1+ op (1) . For assertions (i:) and(ii7) , let us write

sup W, (s)]

0<s<e

> d) +e<P (|Wn ()| > 6_1/2d> +€,

(1 T izkocsa)

F (zay,)
— VE (ni _ Fgfi’;;’;“) : (1 B ni>

and

() )
() () ) s (C) )

By using similar arguments with the second order condition of F', we show that both first terms of right-
hand of the previous equations tend to zero in probability. To achieve the proof it suffices to apply assertion
(), as sought. 1

Proposition 6.4. Assume F' € 2RV (1, (Ar,pr) and G € 2RV (_1,.,) (Ac, pc). Then, for all large x, there
exist constants c1, co > 0, such that

F@)=0+o01)ciz Y and G (z) = (1 + 0 (1)) cgz™ /2.

Proof. See the proof of Lemma 7.1 in [3]]. B
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