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ABSTRACT: We consider a system of transmission of the Schrodinger equation with Neumann feedback control that contains a
time-varying delay term and that acts on the exterior boundary. Using a suitable energy function and a suitable Lyapunov functionnal,
we prove under appropriate assummptions that the solutions decay exponentially.
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1 INTRODUCTION AND STATEMENT OF THE EXPONENTIAL STABILITY RESULT

The analysis of the effect of time delays in feedback stabilization of control systems described by partial
differential equations has received considerable attention in the literature, (see [2] and the references
therein). It is by now well known that certain hyperbolic systems which are stabilized by feedback
controls become unstable when arbitrary small time delays occur in these controls [9], [8]. Xu et al [22]
established sufficient conditions that guarantee the exponential stability of the one-dimensional wave
equation with a delay term in the linear boundary feedback. Nicaise and Pignotti extended this result
to the multi-dimensional wave equation with a delay term in the linear boundary or internal feedback; they
further underline some instability phenomenon. Rebiai and Sidiali [20] considered a multi-dimensional
transmission wave equation with a Neumann feedback control that contains a discrete delay term and
that acts on the exterior boundary. They showed, under some assumptions, that some energy function of
the solution decays exponentially. To obtain this result, they used multipliers technique and compactness
uniqueness argument..

Stabilization problems for the Schrodinger equation with time delay have also been studied and many nice
results have been obtained. Guo and Yang [11] developed an observer-predictor scheme to stabilize the
1-d Schrodinger equation with time delay in the observation. Guo and Mei [10] generalized this scheme to
a multi-dimensional Schrodinger equation with partial Dirichlet control and collocated observation with
time delay. Yang and Yao [23] used a similar approach to stabilize a 1-d Schrodinger equation with variable
coefficients and boundary output time delay. Cui et al [6] designed a dynamical feedback control based on
a partial state predictor to stabilize the 1-d Schrodinger equation with a time delay in the boundary input.
Cui et al [7] adopted a "detecting-predicting” procedure to stabilize the 1-d Schrodinger equation with a
distributed time delay in the boundary input. Nicaise and Rebiai [17] considered the multi-dimensional
Schrodinger equation with a discrete time delay term in the boundary or internal feedbacks. In both cases,
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they showed that if the coefficient of the delayed feedback term is smaller than the one of the undelayed
damping term, then the solution decays exponentially in an appropriate functional space. These results
are obtained by proving some observability estimates. In the opposite case, they constructed a sequence
of delays that destabilize these systems. Chen et al [4] used the concept of system equivalence to design a
feedback control for the multi-dimensional Schrodinger equation with internal delayed control.
Motivated by [17] and [20], we present in this paper a stability result for the transmission Schrédinger
equation with time-varying delay term in the boundary feedback. Stabilization problems for the undelayed
transmission Schrodinger equation have been investigated in [5] and [1]. In [5], the authors proved
exponential decay of the energy of the solutions under linear boundary dissipation in the Neumann
boundary condition by adopting a frequency domain approach which is based upon a resolvent criterion.
Reference [1] gives a uniform stabilization result with a dissipative feedback acting in the Dirichlet
boundary condition by establishing exact controllability of the corresponding open-loop system.

Let 2 be an open bounded domain of R" with a boundary I of class C* which consists of two non-empty
parts I'y and T’y such that I'; N Ty = (). Let I'y with [y N Ty = Ty N Ty = 0 be a regular hypersurface of class
C? which separates () into two domains §2; and Q5 such that I'y € 99 and I's C 0. , and assume that
there exists 29 € R" such that for m(z) = = — x¢, we have:

m(x).v(z) <0 on T’y and on Ty, (1.1)
m(x).v(z) >0 >0 on I'y, (1.2)
where v is the unit normal on I' or Iy pointing towards 2 or ;.

Let a1,a2 > 0 be given. Consider the system of transmission of the Schrodinger equation with a time-
varying delay term in the boundary conditions:

atyk(xu t) - Z(LkAyk(CC, t) =0, in Q) x (0’ +OO), k=1,2, (13)
yi(z,0) = yor () in Q, k=1,2, (1.4)
yl(x, t) =0, on Iy x (0, +OO), (15)
0 t

yza(j’) = —CkatQQ(IB, t) - /BatyQ(x7 t— T(t))7 on FQ X (07 +OO)7 (16)
yl(‘r’ t) = y2($, t)a on I’y X (05 +OO)7 (17)

O (. t Oy (. t

a1 yla(f ) = a9 yQa(f ), on 'y x (0, +00), (1.8)
Oy (z,t —7(0))) = fo(z,t — 7(0)), on I'y x (0,7(0)), (1.9)

where:

e «aand j are positive constants,

e Yo1, %02, fo are the initial data which belong to suitable spaces,

o 7(.) is the time-varying which is as in [19] subject to the following assumptions:
There exist positive constants 7 and 7 such that

0<7<7(t)<7 forallt >0, (1.10)
7'(t)<d<1 forallt>0, (1.11)
7(.) € W*([0,T)). (1.12)

In this paper, we introduce a suitable energy function and a suitable Lyapunov functionnal to prove that
solutions of (1.3)-(1.9) decay exponentially in an appropriate Hilbert space. A similar approach has been
adopted in [19] to study the stability of the multi-dimensional wave equation with a time-varying delay
term in the boundary feedback.

To state our stability result, we assume as in [19] that

avi—d> B, (1.13)

and define the energy of a solution

y(z,t) = { ?ﬂ(x’t;’ (z,t) € Q1 x (0, 400),
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of (1.3) — (1.9) by

1
a a
B =4 / V(2 0)f? da+ 2 / V(e ) do+ Sr(1) / / Dhya (.t — pr(t))? dpa,
2 Jo, 2 Ja, 2 ry Jo
where
a23 < & < 2aag — a2
V1—d 1—d

The main result of this paper can be stated as follows.
Theorem 1.1. In addition to (1.1), (1.2), (1.10), (1.11), (1.12) and (1.13), assume that
ap > as.
Then there exist constants M > 1 and w > 0 such that
E(t) < Me “'E(0),

for any reqular solution of (1.3) — (1.9).

61

(1.14)

(1.15)

Theorem 1.1 is proved in Section 3. In Section 2, we study existence, uniqueness and regularity of solutions

for system (1.3) — (1.9) using semigroup theory.

2 WELL-POSEDNESS RESULT
Inspired by [18], we introduce the auxiliary variable

z(z, p,t) = Owya(z,t — 7(t)p),x € Ty, p € (0,1),¢ > 0.

With this new unknown, problem (1.3)-(1.9) is equivalent to

atyk(l‘a t) - Z.akAyk(:L‘a t) =0, in Q x (Oa —|—OO), k=1,2,
yk(x,O) :yOk(l‘)a in Qk,k: 1727
y1(x,t) =0, onI'; x (0,+00),
T(8)0z(z, p,t) + (1 = 7' (t)p)0,2(z, p, t) = 0, in 'y x (0,1)%(0,+00)
t

ay?{;j’) = —iaagAys(z,t) — Bz(x,1,t), on 'y x (0, +00),
y1(z,t) = yo(z, t), on 'y x (0, +00),

oy (z,t 0yo(x,t
al yla(y ) = a9 y28(1/ ), on Iy x (0,+OO),
Z(.Z',O,t) - 8t92(x7t)7 OnFQ X (07+OO)7
z(x,p,0) = fo(x,—p7(0)), inTy x (0,1).

Let
V= {(u,u2) € H%I(Ql) x H'(Q9);u1 = ug on Ty}

The space for well-posedness of (2.2)-(2.10) is taken to be the space
H =V x L*(I'y; L*(0,1)).

H is a Hilbert space with the following inner product

(2.1)

(2.2)
(2.3)
(2.4)
(2.5)
(2.6)
(2.7)

(2.8)
(2.9)

(2.10)

U1 U1 1
<< U ) : ( U )> =aqay Vui(z).Vuy(z)dz + az Vug(z).Vug(z)dx —|—§/ / z(x, p)z(z, p)dpdl.
z z N Q2 Iy Jo

In H, define a linear operator A(t) by

T'(t)p—1 AT
T(t) aﬂ ) )

A(t)(ug, ug, z)T = (ia1 Auy,iagAug,

(2.11)
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D(A®) = {(w,u2,2)" €V x L*(To; H'(0,1)); Auy € HE (), Aug € H' (Q),

a1—8u1 = az—auz on I'g, a1Auy = agAuy on Ty, z(.,0) = iazAug on I'y,
v v
0
% = —OéZ(.,O)) - ﬂz(-a 1)7 on FQ} (212)

Notice that for (u1,ug, z) € D(A(t)), we have the following boundary regularity:
. Auk]ag € HY2(0Q), k = 1,2, (trace theorem),

. é;ﬂ|8 € HY2(00), 92 |p, € H-Y/2(Ty) (see e.g., [14] p. 71, Theorem. 3.8.1]),
o %2|p, € L*(T'y) since z € L*(I'y).

Using the operator A(t), we rewrite (2.2) — (2.10) as an abstract Cauchy problem in H

4Y (1) = AWY (1),
{ d Y(O) = Yo, (2.13)

where
Y(t) = (y,2)" and Yo = (y0(2), fo(., —.7(0)))".
Notice that problem (2.13) is equivalent to

(t) A)Y (1),
{ ey (2.14)
where o .

At) = A(t) — k()T w(t) = (T(;)T(t*)l) 2.15)

in the sense that if Y (¢) is a solution of (2.14) then Y (¢) = /Y (¢t) where (¢ fo s)ds is a solution of
(2.13).

To establish existence and uniqueness of solutions for problem (2.14), we employ the result stated next
[12], [13].

Theorem 2.1. Let A(t) : D(A(t)) C H — H be a time-varying linear operator such that :

i. D(A(t)) is independent of ¢,
ii. D(A(0)) is a dense subset of H,
iti. Forallt € [0,T) A(t) is the infinitesimal generator of a Cy-semigroup on H,
iv. The family A = {A(t) : t € [0,T)} is stable with stability constants C' and m independents of t, i.e. the
semigroup (S(s))s>0 generated by A(t) satisfies the estimate

15e(8) fllze < Ce™ (| fll3

forall f € Hand s >0,
v. 4 GA(t) € Le([0,T], B(D(A(0)), H), which is the space of equivalent classes of essentially bounded, strongly
measurable functions from [0, T] into the set B(D(A(0))),H) of bounded operators from Y into H.

Then problem
{ #UH) =AWBU(®),

has a unique solution
U € C([0, 7], D(A®))) N ([0, T), 1),

for any initial datum in D(A(0)).
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Below, we prove that the conditions required by Theorem 2.1 are met by the operator A(t).
Since D(A(t)) = D(A(t)), then it follows from (2.12) that

D(A(t)) = D(A(0)), (2.16)
that is the domain of A(t) is independent of .
Proposition 2.2. For each fixed t € [0,T], the operator A(t) generates a Cy-semigroup Si(s) on H.
Proposition 2.2| follows as a consequence of Lemmas 2.3{and 2.4 which are stated below.
Lemma 2.3. D(A(0)) is dense in H.

Proof. It is sufficient to show that D(A(0)

)is a dense subset of H. We proceed as in [19]. Let (fi, f2,9)T
€ H be orthogonal to all elements of D(A(0)), i.

1
ap /Ql Vy1(z).V fi(z)dz + as /Q2 Vya(2).V fo(z)dz + /1“2/0 z(x, p)g(z, p)dpdl = 0, (2.17)

for all (y1,y2,2)" € D(A(0)).
For y; = 0,92 = 0and z € D(I's x (0,1)); (y1, y2, 2)T € D(A(0)), and

// z(x,p)g xpdde—O
I

Since D(I'2 x (0,1)) is dense in L?(T'y, L?(0, 1)), we conclude that g = 0.
In the same manner, we obtain y, = 0 if we take in (2.17), fi = 0, z = 0 and fo € D(Q2). Therefore, the
identity (2.17) is reduced to

; Vii(2).Vfi(z)dz = 0V(y1,2,2) € D(A(0)). (2.18)

By taking in (2.18), 42 = 0 and z = 0, we get
/ Vyi(z).Vfi(z)dz =0 for all (y1,0,0)T € D(A(0)). (2.19)
1951

But (y1,0,0)T € D(A(0)) if and only if y; € D = {f € V;Au; € V,% = 0 on I'p}. Since D; = {f C
VN HY Q) : % =0on I} C Dand D; is dense in V. Then D is dense in V. Combining this fact with
(2.19), we conclude that f; = 0. O

Lemma 2.4. Define on the Hilbert space H the following time-dependent inner product

Y1 bil o .
<( ) ( fo )> =a Vyl(a:).Vfl(x)dfc+a2/ Vya(x).V fo(z)dz+
. 91 QQ
ET(t /FQ/ x,p)g(x,p dde

Then A(t) is dissipative for fixed t.
Proof. Because of (2.15), it is sufficient to show that A(t) is dissipative. Let Y = (y1, 2, 2)7 € D(A(t)). Then

R(Y,A®)Y), = —R{d?i / Vi >v<Am>dx} R{adi /Q Vial(2) V(Ao (2))dz} +

RET(t) /F / z(x ,0 18pz(x p)dpdl. (2.20)
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Applying Green’s theorem to the first two integrals on the right-hand side of (2.20) and using the fact that
the normal vector on I'j is oriented towards the interior of {2;, we obtain

~ R{a2i /Q Vi (2).V(Ap (@))da} — R{adi /Q Vo).V (Apa(@))da} = —
rati [ P8 i+ ati [ P ap@ar - ati [ an@)Pds)-

%{a%i/ Oy2(2) Ays(z)dl — agi/ Oy2(2) Ayso(x)dl — a3i |Ayy(z)|? da}. (2.21)
Ty aV To 81/ Qo

Note that the integrals over I'y (resp.I'g) on the right-hand side of (2.21) are to be interpreted in the sense
of duality pairing between H'/?(T';) and H~/?(T) (resp. H'/?(Ty) and H~/2(Ty))
(2.21) together with (2.12) yields

— R{ai /Q Vi (2).V (A (@))da} — R{adi /Q Vi(2).V (Aga(@))da} =

asa | |z(z,0))?dl — agﬂﬂ%/ z(z,1)Z(x,0)dT. (2.22)
FQ F2

Integrating by parts in p the third integral on the right-hand side of (2.20), we get

f {J2(z, 1) (7'(t) = 1) + |2(x,0)|*}dT—

%ﬁ/ / z(x, p)( —1)9,2(x, p)dpdl’ =
T2 Tz (2.23)

0 /F 2 /0 |2(x, p)|* dpd.

Inserting (2.22) and (2.23) into (2.20) results in

R(Y,A)Y), = —asax |z(x,0)|2 dl' — R | z(z,1)Z(x,0)dl—

Fz
5 [ (e )P (1= 7(0) = =G 0)har - // 22 )? dp”
2
from which follows after using the Cauchy-Schwarz inequality and the assumption (1.11),
§ azf 2
< _ _ > _ _
1—d) aBV1-—d )
D @V [ 1 Rar - () IV
I'>
O

Lemma 2.5. The operator A(t) is maximal for each fixed t.

Proof. Since k(t) > 0, then the maximality of A(t) follows from that of A(t). To this end, let (f1, f2,9)T € H,
and consider for some A > 0 the equation

(A = A@1)Y = (f1, f2,9)",
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where Y = (y1,y2,2)T € D(A(t)) or equivalently

Ay (@) — dapAyi(z) = fi(z), in Q. k= 1,2, (2.25)
Az(x, p) + 1_7_Z;§t)p8pz(x,p) = g(z, p), on I’y x (0,1), (2.26)
y1(z) =0, on Iy, (2.27)
aygl(f) = —az(z,0) — Bz(z, 1), on T, (2.28)
y1 (@) = y2(), on I, (2.29)
a ay(;s %) _ 4y 8y;£x>, on Ty, (2.30)
a1 Ay (z) = agAys(z), on I'g. (2.31)

We can determine z once we have found (y1,y2) with the appropriate regularity. Indeed, from (2.26) and

(2.12), we have

Op2(w, p) = 2R 2%, p) + =59, ), z €Ty, pe(0,1),
z(x,0) = iagAys(z), x €Iy

The unique solution of the above initial value problem is given by

P
2(z,p) = e D z(z,0) + T(t)e_’\’”(t)/ T g(x, 5)ds,
0
if 7/(t) = 0 and by
A7(t) In(1 — 7/(t)p)

“(o.p) = 2(a.0) exp(TRU ST
ox A(t)In(1 — 7' (t)p). [P g(x,s)T(t) ox —A7(t) In(1 — 7/(t)s) .
p( () )/0 T (D)s () )ds.
if 7/(t) # 0.
In particular
2(2,1) = e A0 2z, ) +v(x), x € I, (2.32)
2(x,1) = z(x,0) exp( ()1(%)_ ()))—I—U(:B), x €Dy,

where v(.),w(.) € L*(T2) and are defined by

1
v(z) = T(t)e/\h(t)/ MW g(z, 5)ds,

0
M) In(l —7'(t) . [ g(z,s)7(t) =A7(t) In(1 — 7'(¢)s)
o) /0 (s O Jds.

w(z) = exp(

From (2.25), we have

Ay1(x) — a1 Ay (z) = fi(x), x €y, (2.33)
Ay2(x) —iagAya(z) = fa(x) x € Q. (2.34)
We solve (2.33), (2.34) for the case where 7/(t) = 0, noting that the case where 7') # 0 can be addressed

similarly. Let (gpl, (pg) € V. Then, multiplying (2.33) (resp. (2.34) by ¢1 (resp. by ¢2) and integrating formally
in Q (resp. in €23), we obtain after using (2.12:
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)\al/ Vyl(a:).chl(x)da:—ia%/ Ayl(:c).agl(x)df—kia%/ Ay, (2) AP, (z)dl =
ol I'o v ol

ap ; V f1(z).Vg, (v)dz. (2.35)

Aag [ Viyo(2).VPy(z)da — iaj / AyQ(af)a%(x)dF—H'a% / AyQ(x).a@(x)err
FQ FO

Qo ov ov
ia%/ Aya () APy (z)dl = ag V fa(z). V@, (z)d. (2.36)
QQ QQ
We have by (2.32), (2.28) and (2.12),
, _ 1 ya(z) 1
tag Ays = (a1 By v (o 1 By v(z). (2.37)
Inserting (2.37) into (2.36)), gives
_ az Iya(x) 0py(x)
A \Y% V d ar
“ Jo, v2(2)- Ve (z)de + s 5y /m o ov T
ia%/ Ayg(x).a('%(x)df‘ + ia%/ Aya(z) APy (z)dl" = (12/ V fa(z). V@, (x)dx+
Ty v Q2 Q2
az gy ()
(@ 1 D) /1“2 z0(x) 5 dr. (2.38)
Summing up (2.35) and (2.38) yields
A((yla y?)v (9017 902)) = F(@l, 302)) (239)

where

A((y1,92), (p1,02)) = Aa1 [ Vyi(2).Vy (z)dz + Aa2/ Vya(z). VP, (z)dz+

Ql QQ
: _ : _ Iya(x) 0Py (x)
za2/ Ay (x) Ay (x)dl +za2/ Ayo(x) Ay (x)dl + 2 / 27 dr—
1 Ql 1( ) 1( ) 2 QQ 2( ) 2( ) (Oé_i_/Be,)\T(t)) ]"2 87/ ay
. 99, (2) . 9 9Py ()
ia] | Ayi(x). 3 dl' +ia5 [ Aya(x). 3 dr. (2.40)
T'o v To v

and F : V — Cis the linear form defined by

Flonpn) =ar [

1951

a 9%,(x)
(4 Be= D) /F 20(w) =5, I

We note that the bilinear form A is not continuous on V neither is . To overcome this difficulty, we adapt
an idea of [3]. We introduce the space

V f1(x).Vg,(z)dr + as /Q V fo(x).Vpy(z)de+

dp1 Opa 0o
— . 2 = _— = R — _— 2
Z = {(@1,902) eV: Agok cL (Qk),k = 1,2,@1 o a o on PQ, o cL (FQ)},

on which we define the inner product

((p1,92), (1,12)) = a1/ Vi (z). Vi dz + as Vo (z).Vipydz+

o 0,
a3 /91 A1 (x) Ay (z)dI + aj /92 AS02(33)A¢2(:U)dF+/ Opa () Oy()

dr'.
Ty ov ov
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Then Z is a Hilbert space.
Applying the Cauchy-Schwarz inequality to each inner product on the right-hand side of (2.40), we obtain

[A((y1,92), (01, 02))] < Aar IVl o, Vel 2,y + Aaz Va2l 20, V@2l 1200, +

at 1Ayl r2qy) 1801 2 () + a3 1832l 12, [A2ll 2, +

7] 9%,
L2(T) ov

ov
(2.41) implies A(.,.) is continuous on Z.
For the coercivity of A, observe that

ag
a+ Be AT

. (2.41)
L2(T2)

A((y1,92), (91, 42)) = Aar Vol Zo g,y + Aa2 [1Vy2ll 220, + 0] A1 72 (0,) + 63 [|A32]1 72, +

)
(X‘i‘ﬁe_)‘T L2(T .
Hence,
[A((y1,92): (Y1, 92))| > 1{Ml IVnl2200,) + Aaz | Vool 2eiq,) + — oz O | b+
-2 (1) e % [2(Ty)
1 2 2
*{a% 1ALl Z2 () + a5 [1Av21l72(0,) )
33/2
> Sl [Vl + oo Vil + |2+
L2(T'5)
a HA3/1||L2(91) + a3 ||Ay2||L2(Q2)}’
where as
g = ’m’m{l,)\, m} (242)

F is also continuous on Z. Therefore, we conclude from the Lax-Millgram Theorem (see [21], p. 344) that
for all 7 € Z’, where Z’ is the dual of Z, there exists a unique solution (yi,y2) € Z to 1i for all
(p1,92) € Z.Since V' C 2, then for all F € V', there exists a unique solution (y1,y2) € Z to (2.39) for all

(9017 902) €Z.
Moreover, by restricting the variational forms (2 (resp to functions for which 8“’1 = 0 (resp.
%—V = 0), we obtain

Ay1(x) — a1 Ayr (z) = f1(x), x €, (2.43)
Ay2(x) — agAys(z) = fo(x), x € (g, (2.44)

from which we deduce that (Ay;, Ays) € V since (y1,y2) € V and (f1, f2) € V.
We return to the variational form (2.39) after using some integrations by parts:

)\al/ Vi (2).V@, (z)dx — ia3 VAy(x).Vo,(z)dx
Ql Ql

+ Aag Vo).V @y (x)dx — ia’ V Ay (z). Vo, (z)dr+

QQ Q2
, gy () ay / Oya(x) 0Py (x)
2 2 2 _
+ ia; /1“2 Aya(x) 5 dr + o B0 ) v 5 dr

ay ; V f1(z).V@, (z)dz + a2 ; V fa(z). V@, (z)dz+

a IP,(x)
(a—}—ﬁe)‘T(t))/pQ 20(x) 5 dr. (2.45)
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(2.45) together with (2.43) and (2.44), yields

as ya(x) 0py(x) -\ _/ . 9 a2/ 9%y ()
o+ fe 0 /p o ov T @t e ey T, A (249
(2.46) implies that
8%21536) = —iaz(a + Be D) Ays(x) + v(z) for x € Ty,

= —az(z,0) — Bz(z,0) for z € I'y.

as desired and consequently (y1,y2) € D(A(t)). and thus, AI — A(t) is onto for some A > 0 and for all ¢ > 0.
This shows that A(¢) is maximal for each fixed ¢. O

Lemma 2.6. There exist constants C' and m independent of t such that for all t € [0, T, the semigroup {S;(s)}s>0
generated by L(t) satisfies
1Se(s)ullyy < Ce™ [lully , (2.47)

forallu e Hand s > 0.
Proof. Let ¢ = (y1,y2,2) € D(A(0)), then

1
lol? = a [ [Vou(@)Pde taz [ [Voalo)Pde +er(s) / / |2(z, p)|2 dpdT,
Q1 Qo Ty JO

1
ol = a [ V(@) de +as /Q Vo) de + £7(r) / /0 \2(z, p)|? dpdT,
2 2

941 r

and ol (s) — 7(r)
el o, Tls) —7(r)
lel2 =

From the mean value theorem, we have
7(s) —7(r) =7 (a)(s — 1), wherea € (r,s),

and thus,

2
el _, , 1”@

5 < |ls —7r|.
lell; 7(r)

By (1.11), 7’ is bounded and therefore,

2 /
el _ ., 1@

d
ls—7r| <14 =|s—r],
T

lelly = 7()
which gives
2 dyg—r| 2
lells < er™ el (2.48)
and the desired inequality (2.47) follows from (2.48) with C' =1 and m = %. O
Lemma 2.7. For the operator A(t) we have
d ~
5 At) € LE([0,T], B(D(A(0)), #).
Proof. We have
d ~ d ,
a (t) @A(t) — K ()1,
where
()7 (¢) ()T ()2 + 1
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and

4 4= (00,7000~ OC W= D)y

By (1.11) and (1.12), ¥'(¢) and T”(t)T(t)”_TT(/t()tQ)(T/(t)p_l)) are bounded on [0, 7. Thus,

d ~
dt
as desired. O

—A(t) € LT ([0.T), B(D(A(0)), H).

The main result of this section can now be stated.

Theorem 2.8. For any initial datum Yy € D(A(0)), problem (2.13) has a unique solution
Y € C([0, +00), D(A(0))) N C([0, +00), H). (2.49)

Proof. 1t follows from (2.16), Lemma 2.3, Proposition 2.2, Lemma 2.6, Lemma 2.7 that A(t) satisfies all the
hypothesis of Theorem 2.1. Therefore, for any initial datum Y, € D(A(0)) problem (2.14) has a unique

solution B B
Y € C([0,+00), D(A(0))) N C([0, +00), H). (2.50)

and the desired conclusion follows from the equality Y (t) = e?®Y (¢). O

3 PROOF OF THE EXPONENTIAL STABILITY RESULT

We proceed in several steps.
Step 1.
First, we show that the energy function defined by (1.14) is decreasing.

Proposition 3.1. The energy corresponding to any regular solution of problem (1.3)-(1.9) is decreasing and there
exists a positive constant K such that

d
2B < —K [ {0wa(0,0)P +|0wa(a,t — 7(0)P T,
1)

where

af € E1l-d ap/I—d

K = min{ascx — -2 — }.

2y1—d 2 2 2

Proof. Differentiating E(t), we obtain

d
@E( ) =aR V@l(m 1).Vouyr(z,t)dx + asaR [ Vyy(x,t).VOya(x,t)dx+
Qo

/F / Oa 0, t — T(8)p) Oy, t — 7(£)p)(1 — 7' (1) p)dpdT'+

%’(t) / / By, t — 7(2)p) 2 dpdT" G.1)
ryJo
Applying Green’s Theorem to the first two integrals on the right-hand side of (3.1), we obtain

d _ 0y (z,1) 0y (z,1)
th(t) =a R Fl 73V Osy1 (x,t)dF + a1 . 78V

/ (%, t)dF - G’Q%/ ayza(f?t)atyQ(:a t)dr +
To

Oy (z, t)dl +

/ / st — T(8)p)OPys (1, t — 7(8)p)(1 — 7'(t)p)dpdT +

) / 2 /0 By £ — 7(t)p) 2 dpdT
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Recalling the boundary conditions (1.5)-(1.6) and the transmission conditions (1.7)-(1.8), we get

%E(t) = —aaa | ol 0 a0 — 0 [ Ot = 7)oun(e Har+
L 2 2
et [ [ dma(e.t = r)obn(ant = r(0)(1 = 7 (0))dpdr+
1
570 [ [ ot = @) dpar, (32)
Now we have,
apy(xv t— T(t)p) = _T(t)aty(x7t - T(t)p)7 (33)
Oy, t —7(t)p) = 7(t)*0Fy(x,t — T(t)p). (3.4)

Therefore,
1
%/ OYa(z,t — 7(t)p)OFya(z,t — 7(t)p) (1 — 7/ (t)p)dpdl =
0

1
- 7(1)3%/0 Oplia(@,t — 7(t)p)O2y2(m,t — 7(t)p) (1 — 7'(t)p)dpdl

_ 1 ! / d 2
=~ | (=00 (et = () dpar
= s R 0 Byt~ 0~ s [ ot d
2T(t)3 P pY2(T, P 0 27'(t)3 0 pY2(T, P 14
= B, O — (1= 7' () Gy, t — 7(0)) - 0 /1 By (.t = 7()p)[* dp
2r(1)3 e 27(t)* Jo T
=0 : / 20 [ i
= vz (2, 8)]" = (1= 7(2)) Oz (2, t = 7(8)[7] = [Oeya(,t = 7(t)p)[" dp. (3.5)
27(t) 27(t) Jo
Inserting (3.5) into (3.2) yields
d
%E(t) = T ‘8153/2(1" t)|2 dr’ — CLQ,B% at??(xa t— T(t))atyQ(x7 t)dF+
I'2 T2
5 [ 10,0 = (1= /() [0ata.t = ()Pl
from which we obtain after using Cauchy-Schwarz’s inequality

d 2 azf3 2

—FE(t) < — 0 t)|”dI’ o t)|”dl’

dt ( ) > —axc - ‘ ty2(x7 )| + QM I ‘ ty2($, )’ +

V1-d 1-d
CLZB# |0sy2(z, t — 7(t))|* dT — 3 5 ) Byy2(, t — 7(t))|* dD+
T2 1)

S [ om0 ar,
2 Iy

and consequently

d
B0 ==K | {|0w2(z, t)° + 0py2 (@, t — 7(t))|* T,
I'>

with

azf3 £ {0—-d) apvl-d
2

K = min{asa — -2

2y1—-d 2" 2 )
Assumption (1.15) implies that the constant K is positive, which concludes the proof of Proposition
3.1. O
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Step 2.
Inspired by [16], we introduce the Lyapunov functionnal

E(t) = B(t) + 1{S /

y1(z)m(z).Vyi (x)dx + S/ ya(z)m(z).Vys(x)dx + (1)},
951

Q2

where 7 is a positive constant that will be chosen later and £(¢) is given by

1
£(t) = er(t) / /0 e~ O0 |Byyo i, t — 7(t)p) 2 dp . (3.6)

Lemma 3.2. For v small enough, the functional E is equivalent to the energy E, that is there exist two positive
constants py and po such that
mE(t) < B(t) < paE(t).

Proof. Using Cauchy-Schwarz’s, Young’s and Poincaré’s inequalities, we obtain

S [ e () Vit fde] < 2L | 9G0P o), (57)
(951 a1 2 (951
where
M = sup|m(z)|, for x € Q,
/Q |f(z)|Pdz < Cp,Vf € HE (1),
1
— M
‘%/ ya(x, t)m(x).Vya(x, t)dz| < 2/ {|y2(:1;,t)]2+ ]Vyg(x,t)|2}dx. (3.8)
Ql QQ
But
{ly2(z, )]> + |Vya(z, )Yz < 1+c) | |[Vya(z,t)Pdz+c | |ya(z,t)]>dD
QQ QQ 1—‘l()
<(+¢) | |Vya(z, t)Pde+c | |yi(z,t)|?dl
QQ I—‘O
<(l14¢) |Vy2(x,t)2da:+ctrc/ \Vyl(x,t)IQda;
QQ Ql
<20al 2 [ Vil Pt Y [ Vn@ofd), G9)
2 Q0 2 o

where a = min{ay, a2}, C = maz{l + ¢, Cyc}, the constant Cy, is given by the trace’s inequality

|f(@)]?dl < Cyp [ |Vf(2)|*dw,Vf € HE (),
Fo Q1

and the constant c is defined by (see [15])

/Q e ] < /Q Vit dr + /F (e HPdry

Combining (3.7), (3.8) and (3.9) gives us

‘%/ yl(x,t)m(x).Vyl(a:,t)dx—i—%/ y2(x, t)ym(x).Vya(z,t)dzr| <
0 Qo

C
M(p+cpa){“2/ |vy2(x,t)\2dx+“1/ IV (z,t)|? da}. (3.10)
aq 2 Qo 2 [oN

On the other hand, it follows from (1.10), that

1
£(t) < €r(t) / /0 Buaa(a t — 7(t)p)|? dpd,
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which together with (3.10) implies
mE(t) < E(t),

where

C
w1 = (max{1, M’y(afll) +Cpa),2}) L.

Now from (1.10), we have

1
o7 _
E(t) > er(t)e /F | 1ountat = r@)p)dpar.
and
’%/ yl(x,t)m(x).Vyl(x,t)da:—l—%/ ya(z, t)m(x).Vya(x,t)dx| >
Q1 Ql
MC,

ai

—(

+Mcpa){“22/Q |Vy2(a:,t)\2d:c+a2l/g V1 (2, 1)) da}.
2 1

Therefore, for v small enough,
E(t) S MZE(t)7

where .
po = min{l — ’y./\/le(a— +a),1+2e 77}, (3.11)
1
O
Lemma 3.3. For any regular solution of problem (1.3)-(1.9), there exist positive constants Cy and Cy such that
d
V() < =CoBy(t) + Cr{ / {102 (2. 6)* + Oy (£ — (1)) [*}dI}, (312)
s
where
2 ——
Ut =) 9 / yi(t, 2)m(z).Vy(t, z)dz,
k=1 7%
and

2
Et) =S a / Vyu(t, o) de.
k=1 7S

Proof. We have

2
d
a\ll(t) = Z %/ {0y (t, 2)m(x). Vyi(t, ) + yr(t, z)m(z). Vo (t, ) }da.
k=1 %%
By using Green’s theorem, we get after using the boundary condition (1.5)

%/ yl(t,x)m(x).Vthl(t,x)dx:%/ y1(t, )0y (t, x)m(z).v(z)dl'—
971 o

S/ y1(t, )01 (t, x)divm(z)de — 3 Oy (t, x)m(x). Vi (t, z)dx

951

= —%/ yl(t,x)@tyl(t,x)m(a:).y(x)df—n%/ y1(t, )0y (L, z)dz+
1) Q1

3 8ty1(t,x)m(m).Vyl(t,:v)dx, (313)
1
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and

S/ ya(t, z)m(x).Vopysa(t, z)dx = E‘s/ ya(t, x)Oya (t, x)m(x).v(x)dl'—
Qo 0822

%/ ya(t, x)0ya(t, x)divm(m)dm—%/ Oy (t, z)m(z).Vys(t, z)dx

QQ QQ

=3 [ (t. )t dim@) @)l + 3 | (e ) m() ()0
Fo 1—‘2

n%/ ya(t, x) Oy (t, x)dx + Oy (t, z)m(x).Vya(t, z)dx. (3.14)
Qg Q2

Summing up (3.13) and (3.14) and recalling the boundary conditions (1.7) and (1.8), we obtain

Z /Q yi(t, x)m(x). Vo (t, z)dr = %/FQ ya(t, )0y (t, x)m(z).v(z)dl'+

Z S/ {—nyi(t, ) 0wyr(t, z) + Oryr(t, x)m(x).Vyg(t, x) }dx.
k=1 %%
On the other hand, using equation (1.3), we get
%/ y1(t, )0y (t, x)de = —aﬁR/ y1(t, x) Ay (t, z)dx
Ql Q1
=ai® | nt, x)ayg)drml/ Vi (¢, 2) [ do, (3.15)
951

F0

and

S/ ya(t, x)Oye (t, z)dx = —agéﬁ/ ya(t, x)Aya(t, x)dx
QQ QQ

:—a2§R/F ya(t, x) 8y2a(y 2)
Oya(t, x)

:—a2§R/ y2(t, ) ’ dF+a2a§R/ y2(t, ) Opya(x, t)dT+
To v Iy

W dT +ag [ |Vya(t,2)]* dz

dl’ — @?R/ ya(t, )
FQ QQ

@,8?]?/ yo(t, x)Opy2(x,t — 7(t))dl" + as Vya(t, z)|? da. (3.16)
FQ Q2

Combining (3.15) and (3.16) and using the transmission conditions (1.7) and (1.8) gives

2

Z Ry Oy (t, x)yi(t, x)dx = agaR ya(t, x)Oya(x, t)dl+
k=1 Qp, s

agﬁﬂ?/ ya(t, x) Oy (x, t — 7(t) dI‘—I—Zak/ Vi (t, z)|* de.
I

k=1
We also have from (1.3)

2
ZS Oryr (t, x)ym(z).Vyy(t, z)dx = Zak%/ Ay (t, z)m(z).Vyg(t, x)dz.

k=1 7
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Thus,

;lt\lf( t) = /F2 Oy (t, )y (t, x)m(x).v(z)dl — nagaR /F2 ya(t, x) Oy (x, t)dl —

nagﬁﬂ?/ ya(t, )0y (x,t — 7(t))dl — Znak/ Vi (t, ) do +
1)

2
2 Z ak%/ Ay (t, z)m(z). Vyi(t, x)dx.
k=1 e

Now we have,

Oy (z,t)
ov

2R [ Ayp(t,z)m(z).Vyg(t,x)dx = 23%/
o,

m(z). Vel 2)dT + (n — 2) / IVt 2) [ da—
Q Qp

/ |Vyi(t, z)|* dT.
o0y,

Specializing this identity to k = 1 and k£ = 2, we find

2?)%/ Ay (t,z)m(x).Vy (t, z)dx = (Vi (t, )| m(z).v(z)dl—
Ql 1—‘1
0 t —
2R / W@ t) v+ [ (Vi) m)w@)dl + (0 —2) [ V(o) e,
r, Ov Ty o
— Oya(x,t) —_— 2
2R Ayo(t,x)m(x).Vya(t,x)dz = 2R m(x).Vya(t,x)dl" — |Vya(t,z)|” dl'+
Qs r, Ov Iy
t -
o [ 2@ ot — [ Vst o)Al 4 (n—2) [ [Tyt 2)2 de,
r, Ov To Qo

and consequently

QZak% Ayk (t,z)m(x).Vyi(t, z)de = a1 IV (t, )| m(z).v(z)dl—

Iy
31/1(5’3’ t) — 2

201 R 7ym(x).Vy1 (t,z)dl + ay [Vyi(t, z)|” m(z).v(x)dl+

Fo FO
2a9%R (. 1) m(z).Vya(t, z)dl —ag [ |Viya(t,z)|* dT 4 2aoR (. ) m(z).Vya(t,x)dl'—

Ty 81/ Ty To 81/

2
Vit D)PdC+ (n—2) Y ak/ Vot o) da. (3.17)
To k Q

We conclude from the boundary condition (1.7) that

Aya(x,t) —yi(x,1))

V(ya(z,t) —yi(x,t)) = v

v(z) onTqyx (0,7),

then

Oya(x,t) 2 Oy (x,t) 2
oy — 5 on I’y x (0,7),

so after using the boundary condition (1.8), we have on I'g x (0,7),

Oy (x,t) Oya(x,t)
ov ov

Vyala O = [V (2 8) + '

2a1R( m(x). Vi (x, 1)) — a1 |Vyi(z, t) > m(z).v(z)+

(ag — a1)2 Oy (x,t) 2
as ov

m(x).Vy(x,t)) — 2a9%(

as |V (z, t) [ ma).v(z) = (ag — a1) |V (z, 8) > m(z).v(z) —

m(z).v(x). (3.18)
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Inserting (3.18) into (3.17) yields

2
QZak% Ay (t, z)m(z). Vyi(t, x)de = a1 |V (t, ) > m(x).v(z)dlD+
k=1 Qk I

W) ) Tt ) — ay [ [Via(t, )P () ()T
Ty 8V I'a

2
+(n—2) Zak/ Vit )2 de + (a1 —az) [ |Vyi(z,t))? m(z).v(z)dl+
k=1 Q,

To
(az — a1)? /
a9 To

From (3.19), and invoking assumption (1.1), we deduce that

2&2%

Oy (x,t
ov

)|
' m(x).v(z)dl. (3.19)

%w) <3 /F Ot )yl E) ) )T + 208 /F 2

Oyo(x,t —
yza(j)m(x).Vyg(t, x)dl'—

azd | |Vya(t,z)|?dl — nagaﬂ?/ ya(t, )0y (x, t)dl — n@ﬂ?R/ ya(t, )0y (x, t — 7(t))dl' —
Ty Ty Iy

2
23 " ay / (Vi (t, z)|* de. (3.20)
k=1 e

For the first term on the right-hand side of (3.20), we use Young's inequality, trace theorem and Poincaré’s
inequality to get the following estimate

2

—_ M €
S [ Bt x)ye(t, x)m(z).v(x)dl| < —— [ |Owa(t,2))*dl + = [ |ya(t,)|?dl
Ty 2¢ 1) 2 1)
M? Cire
<5 [ ot a)ar S [ Vi) ds
26 Iy 2 Qo
M? Cer
< [ |wya(t, 2) P dD + 2 6@2/ Vo (t, z)|? dz + eal/ IV (t, 2)|? da, (3.21)
P Ty 2a2 Qo 2a1 N
where ¢ is an arbitrary positive constant.
For the second term, we have
t S 2 )1]?
2aoR %m(x).Vyg(t,x)dF < a2 M / ye(, 1) Al + asd | |Vysa(t,z)* dT. (3.22)
Iy 31/ 5 Iy aV Iy

For the forth and the fifth term, we have after using Young’s inequality and the trace theorem,

nagaﬂ%/ yg(t,x)&yz(x,t)df‘ < nea 8yya (2, )| AT dt+
QQ FQ
naaxCo [\ G (@, 0 drdt, (3.23)
2 Qs
nazaﬂ?/ y2(t, )0y (x, t — 7(¢))dl'| < naas |8y, t) > dUdt+
QQ I's
”05“2 1Oyya(z, t — 7(2))|2 dTdt. (3.24)
Iy

Inserting (3.21)-(3.24) into (3.20) and recalling the boundary condition (1.6), we obtain e small enough

2

TE G Y [ 1t P e O (0t OF + Bant =) har,
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where
1 1
Co=2—(—+ — + na)Cye,
a9 al
M2+ naas  2a9M?  naa
Cy = 2, 202 2
2¢ 1) 2

Cy is positive for e small enough.
Lemma 3.4. For any regular solution of problem (1.3)-(1.9),

(ig( t) < —=26(t)+& | |Opa(w, 1) dT.

Iy

Proof. Differentiating both sides of (3.6) yields
— et / / 2700 | Byy (i, — (8)p)|2 dpT—
267 (1) /F 2 / =200 |y (it — 7(t)p) 2 dp dT+
267(t)R / / 0Py, — 7 (D)p)02ya (.t — 7(8)p)(1 — 7 (£)p)dpdT. (3.25)
1)
We have from (3.3) and (3.4)
/F / T Orgga( b — T(0)p) 2y (x t — 7(8)p)(1 — 7' (1) p)dpdT
— (r(t) R /F / e 00, gl t — 7 (D) 02y .t — 7(t)p)(1 — 7'(£)p)dpdT
= Ly /F 2 / 2009, |0, (, t — 7(t)p) (1 - 7/(£) p)dpdT
- —§<T<t>>*3 / (208 9, (2.t — 7(1)p) (1 — ' (£)p)] AT+
Iy

1
0O [ [0 (et = r(0p) - 20O Dyt~ () (1 7 (2)p)}dpar
' JO
— =5 ®) [ 1O Dyua(at = T (1= 7(0) - Ot t)Phar
1)

! 1
T (t) (T(t))_g/r / e_QT(t)P |apy2(113,t _ T(t)p)|2 dde_
" /r2 / 102 (x,t = 7(8)p) | (1 —7'(t)p) }dpdT,

and then
g / 27000, t— TRyt — 7(0)p)(1 — (1) p)dp =
F2

- 5( T(t)™ {6 O 1Bey2(a,t — 7(8))]* (1 = 7'(1)) — |Opya(a, t)[*}dT

(1) /F 2 / Oy (.t — 7(t)p)|? dpdT'—
/ / e |0yya(, t = 7()p) (1 = ' (1)p) }dpdT. (3.26)
I's JO
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Inserting (3.26) into (3.25) leads to
d
Ge@ =0 [ [ e et — o dpar-
267 () [ / 00 Dy (.t~ 7(t)p)F dpdl~
3 {67 T 1Beya(,t = 7())[* (1= 7'(8) — [Deya(x, )] }dT—

5/ / 2008 |0yya (, t — 7(t)p)|* dpdl —
s

26rt) [ [ O ot =m0 (1~ 7 Oppr,
1)
and so
d Yo 2
—E(t) = —2¢7(1) e TP Oya(x, t — 7(t)p)|” dpdl'—
dt s J0
£ e Daya(e,t =) (1 —7'(0)dL +& | |dryz(x,t)]* dl.
F2 FQ
which gives the desired estimate. O

Completion of the proof of Theorem 1.1.
From Proposition 3.1, Lemma 3.3 and 3.4, we have

d
dt

y { _CoEL(t) + (Cr +€)
T's

Then for v(C; + &) < K, we get from (3.27)

Cpw < -k /F {1002, 1) > + Oy, t — 7(2)) Pyl +

{9haa, O + 1Oha(a, t — 7(2))[2}ar — 25@)} (3.27)

DE(t) < CoBL(1) - 2£0).

On the other hand, from the assumption (1.10), on 7(t), we deduce that

~ 1
E(t) > Er(t)e > / /0 Byt — (8)p)? dpdT"

Therefore,

—27‘

HE(t) < —CE(?),

S0 < 100~ € [ [ omatant — r09)? dpdr < —min{ao, < 1) <

dt
where 27
C=wm mln{’yC’o,

This implies

and consequently
H2 _ct
E(t) < —e “"E(0).
M1
ACKNOWLEDGMENT

The authors wish to thank the referees and editors for their valuable comments and suggestions which led
to improvements in the document.



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND SIMULATION, VOL. 01, NO. 01, MAY 2024 78

DECLARATION
The authors declare no conflict of interest.

REFERENCES

[1] Allag, I, & Rebiai, S. (2014). Well-posedness, regularity and exact controllability for the problem of transmission of the
Schrodinger equation. Quarterly of Applied Mathematics, 72(1), 93-108.

[2] Bayili, G., Aissa, A. B., & Nicaise, S. (2020). Same decay rate of second order evolution equations with or without delay.
Systems & Control Letters, 141, 104700.

[3] Cavalcanti, M. M., Corréa, W. J., Lasiecka, 1., & Lefler, C. (2016). Well-posedness and uniform stability for nonlinear
Schrodinger equations with dynamic/Wentzell boundary conditions. Indiana University Mathematics Journal, 1445-1502.

[4] Chen, H., Xie, Y., & Genqji, X. (2019). Rapid stabilisation of multi-dimensional Schrédinger equation with the internal delay
control. International Journal of Control, 92(11), 2521-2531.

[5] Cardoso, F,, & Vodev, G. (2010). Boundary stabilization of transmission problems. Journal of mathematical physics, 51(2).

[6] Cui, H. Y, Han, Z. J., & Xu, G. Q. (2016). Stabilization for Schrodinger equation with a time delay in the boundary input.
Applicable Analysis, 95(5), 963-977.

[7] ] Cui, H,, Xu, G., & Chen, Y. (2019). Stabilization for Schrodinger equation with a distributed time delay in the boundary
input. IMA Journal of Mathematical Control and Information, 36(4), 1305-1324.

[8] Datko, R. (1988). Not all feedback stabilized hyperbolic systems are robust with respect to small time delays in their feedbacks.
SIAM Journal on Control and Optimization, 26(3), 697-713.

[9] Datko, R., Lagnese, ]J., & Polis, M. (1986). An example on the effect of time delays in boundary feedback stabilization of wave
equations. SIAM Journal on Control and Optimization, 24(1), 152-156.

[10] Guo, B. Z., & Mei, Z. D. (2019). Output feedback stabilization for a class of first-order equation setting of collocated well-
posed linear systems with time delay in observation. IEEE Transactions on Automatic Control, 65(6), 2612-2618.

[11] Guo, B. Z., & Yang, K. Y. (2010). Output feedback stabilization of a one-dimensional Schrodinger equation by boundary
observation with time delay. IEEE Transactions on Automatic Control, 55(5), 1226-1232.

[12] Kato, T. (1985). Abstract differential equations and nonlinear mixed problems (p. 89). Pisa: Scuola normale superiore

[13] Kato, T. (2011). Linear and quasi-linear equations of evolution of hyperbolic type. In Hyperbolicity: Lectures given at the Centro
Internazionale Matematico Estivo (CIME), held in Cortona (Arezzo), Italy, June 24-July 2, 1976 (pp. 125-191). Berlin, Heidelberg;:
Springer Berlin Heidelberg.

[14] B. Kellogg (1972) Properties of solutions of elliptic boundary value problems, in The Mathematical Foundations of the Finite
Element Method with Applications to Partial Differential Equations edited by A. K. Aziz, Academic Press, New York, 47-81.

[15] Lasiecka, I., Triggiani, R., & Zhang, X. (2000). Nonconservative wave equations with unobserved Neumann BC: global
uniqueness and observability in one shot. Contemporary Mathematics, 268, 227-326.

[16] Machtyngier, E., & Zuazua, E. (1994). Stabilization of the Schrodinger equation. Portugaline Mathematica, 51(2), 243-256.

[17] Nicaise, S., & Rebiai, S. E. (2011). Stabilization of the Schrédinger equation with a delay term in boundary feedback or
internal feedback. Portugaliae Mathematica, 68(1), 19-39.

[18] Nicaise, S., & Pignotti, C. (2006). Stability and instability results of the wave equation with a delay term in the boundary or
internal feedbacks. SIAM Journal on Control and Optimization, 45(5), 1561-1585.

[19] Nicaise, S., Pignotti, C., & Valein, J. (2011). Exponential stability of the wave equation with boundary time-varying delay.
Discrete and Continuous Dynamical Systems-Series S, 4(3), 693-722.

[20] Rebiai, S. E., & Alj, F. S. (2016). Uniform exponential stability of the transmission wave equation with a delay term in the
boundary feedback. IMA Journal of Mathematical Control and Information, 33(1), 1-20.

[21] A.E. Taylor and D.C. Lay. (1980). Introduction to Functional Analysis. John Wiley and Sons, New York-Chichester-Brisbane

[22] Xu, G. Q., Yung, S. P,, & Li, L. K. (2006). Stabilization of wave systems with input delay in the boundary control. ESAIM:
Control, optimisation and calculus of variations, 12(4), 770-785.

[23] Yang, K.Y, & Yao, C. Z. (2013) Stabilization of one-dimensional Schrodinger equation with variable coefficient under delayed
boundary output feedback. Asian . Control, 15, 1531-1537.



	Introduction and statement of the exponential stability result
	Well-posedness result
	Proof of the exponential stability result
	References

