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In this work, we are concerned with a problem for a coupled non-linear viscoelastic wave equation with distributed
delay, strong damping, and source terms. under suitable conditions, we prove the blow up result of solutions.
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1. Introduction

We consider the following initial-boundary value problem for a coupled system of nonlinear viscoelastic wave equations
with distributed delay and strong damping:

¢
e — Au — w1 Aug + / g(t — s)Au(s)ds
0

T2
et [ @it - Ode = filu,o), (2,0) € QX Ry

T1

t
Vit — AV — wo Avy + / h(t — s)Av(s)ds
0

. o)
psve + / (@) [ve(a,t — 0)do = fa(u,v), (z,1) € 2 x Ry

u(z,t) =0, T}u(x,t) =0, ze€dN

Ut ($,—t):f xvt) Ut (CE, —t):ko (l‘,t), (CE,t) €N x (077—2)

o(z,t),
u(z,0) =wuo () ,us (z,0) = u1 (z) ,z € Q
v(z,0) =vo (), v, (x,0) = v1 (x),2 € Q,
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where
F1(uy0) = afu+ 025D (u -+ 0) + by fulPulo]+2 ,

N PR RT h G ?
and w1, ws, K1, w3, a1,b1 > 0, and 71, 72 are the time delays with 0 < 71 < 72, and p2, pa are L functions, and g, h are
differentiable functions.
Viscous materials are the opposite of elastic materials, which possess the ability to store and dissipate mechanical energy.
The mechanical properties of these viscous substances are of great importance, as they appear in many applications of
the natural sciences. Many authors have paid attention to this problem since the beginning of the new millennium.
In the case of only one equation, and if wi; = 0, that is, for the absence of Au; and g1 = p2 = 0. Our problem (1)
has been studied by [5]. By using the Galerkin method, they established the local existence result. Additionally, they
showed that the local solution is global in time under suitable conditions, and with the same rate of decay ( polynomial
or exponential) of the kernel g. they proved that the dissipation given by the viscoelastic integral term is strong enough
to stabilize the oscillations of the solution. Additionally, their result has been obtained under weaker conditions than
those used by [3].

In [9], the authors consider the following problem
¢
U — Au + / g(t — s)Au(s)ds + a(z)us + |u|"u =0, (3)
0
the authors proved the exponential decay result. This later result has been improved by [5], in which it was shown that

the viscoelastic dissipation alone is strong enough to stabilize the problem even with an exponential rate.
In many works in this field, under assumptions of the kernel g. For the problem (1) and with p1 # 0, for example in
[12], the authors proved a blow up result for the following problem

ue — Au + / g(t — s)Au(s)ds + ur = |u""u, (x,t) € R™ x (0,00) (@)

w(,0) = g (), us (2,0) = us (),

where g satisfies [~ g(s)ds < (2p—4)/(2p—3), the initial data were supported by negative energy like that [ uouidz > 0.
If (w > 0). In [16], Song et al considered the following problem

ue — Au —l—/ g(t — s)Au(s)ds — Aug = |[u|P 2w, (z,t) € Q x (0,00) (5)

u(x,0) = wuo g:c) Jue (2,0) = uy (z) .

Under suitable assumptions on g, they showed that there were solutions of (5) with initial energy that blow up in finite
time. For the same problem (5), in [17], Song et al proved that there were solutions of (5) with positive initial energy
that blow up in finite time. In [18], the following problem is studied

t

Ut — Au — wAuy + / g(t — s)Au(s)ds

0
+alue ™ 2wy = |ulP ", (z,t) € Q x (0,00), (6)
u(z,0) =uo (), w (z,0) =u1(z) z€Q

u(z,t) =0, z€0Q,

the author proved the exponential growth result under suitable assumptions.
In [13] the authors considered the following problem

ure — Au+ [° g(s)Au(t — s)ds — e1Au; + eaut|u| ™2 = ezululP?
u(z,t) =0, x€9Qt>0 (7)
u(x70):u0(m)7ut($70):ul(x), 'TEQ7

they showed a blow up result if p > m and established global existence.
In the case of coupled equations, in [1], the authors studied the following system of equations

U — Au + ut|ut|m72 = f1(u,v)
v — Av + 'Ut|Ut‘T_2 = fa(u,v),

(8)

with nonlinear functions f; and f> satisfying appropriate conditions. Under certain restrictions imposed on the param-
eters and the initial data, they obtained numerous results on the existence of weak solutions. They also showed that
any weak solution with negative initial energy blows up for a finite period of time by using the same techniques as in
[2, 10, 11]. In [4], the authors considered the system:

{ wie — A+ (alul” + blv Yuu ™% = fi(u,v)

9
vet — A + (alul? + blo]Yurlwd 2 = fa(u,v), ©)

they stated and proved that the blows occur in finite time for the solution, under some restrictions on the initial data
and (with positive initial energy) for certain conditions on the functions f1 and f2. In [15], the authors extended the
result of [1] and considered the following nonlinear viscoelastic system:

{ u — Au+ [° g(s)Au(t — s)ds + (alul® + blo| Yue|u| ™% = fi(u,v)

v — Av + [ h(s)Av(t — s)ds + (alul® + blv|?)ve|ve| "2 = fa(u,v), (10)
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they proved that the solutions of a system of wave equations with a viscoelastic term, degenerate damping, and strong
nonlinear sources acting in both equations simultaneously are globally nonexistent, provided that the initial data are

sufficiently large in a bounded domain of ; see [0, 7, 19].

As a complement to these works, we are working to prove the blow-up result with distributed delay of the problem (1),
under appropriate assumptions, and we prove these results using the energy method. In the following, let ¢,c; > 0,7 =

1,...,12.
We prove the blow-up result under the following suitable assumptions.
(A1) g,h: Ry — R4 is a differentiable and decreasing function such that

gt)>0 | 1—/ g(s)ds =11 >0,
0

h(t) >0 1—/ h(s)ds =13 > 0.
0

(A2) There exists a constant &1, &2 > 0 such that

(A3) p2, pa : [11,72] — R are L* functions such that

)

26— 1\ [
( 3 )/ lu2(0)ldo < p1 , 6>

T1

26— 1\ [
( 3 )/ lpa(o)ldo < psz , 6>

1

N = DN =

2. Blow up in finite time

In this subsection, we prove the blow up result of the solution to problem (1).
First, as in [14], we introduce the new variables

{ y(x,P» o, t) = ut($7t - Qp)
Z(‘rap7 0, t) = ’Ut(.l?,t - Qp)7

then we obtain

oyt (z, p, 0,t) +yp(x,p,0,t) =0
y(2,0,0,1) = us(z,1),

and
QZt(.’L‘, P 0, t) + Zp(-T»P7 o, t) =0
2(x,0,0,t) = vi(x,t),

Let us denote by
t
gou = / / g(t — s)|u(t) — u(s)[*dsdz.
aJo

Therefore, the problem (1) takes the form

t
Ut — Au — w1 Auy + / g(t — s)Au(s)ds
0

T1

¢
v — Av — waAvg + / h(t — s)Av(s)ds
0

T1
oye(x, p, 0,t) + yp(x,p,0,t) =0
ta(x7 P, 0, t) + Zp(x7 P, 0, t) = 07

with initial and boundary conditions

u(z,t) =0, v(z,t) =0 =z € 9Q,

y(xap7 o, O) = fO (17, Qp) ) Z(xap7 o, O) = kO (l’, Qp)

w(z,0) =uo (z), w (z,0) = w1 (x)
v(z,0) =wvo (), ve(z,0) =v1 (),

where
(xvpv Qat) €Qx (Oa 1) X (T17T2) X (0700)

T2
+mw+/ 12y, 1, 0, 0)do = fi(u,v),  wEQE>0

T2
bt [ (@G Lo 0de = flu),  wEtz0

(12)

(13)

(14)

(15)

(16)

(17)

(18)
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Theorem 2.1. Assume (11),(12), and (13) hold. Let

—“1<p< d-n n>3
n—

p>—1, n=1,2.
Then for any initial data

(w0, u1,v0,v1, fo, ko) € M,
where

H = Hy(Q) x L*(Q) x Hy () x L*(Q) x L*( x (0,1) x (11, 72))
X L2 (2 x (0,1) x (11, 72)).
the problem (18) has a unique solution
u € C([0,T]; H),

for some T > 0.

Lemma 2.2. There exists a function F(u,v) such that

Fuv) = g () + of(u0)

1 2(p+2) +2
+ 2b p ] >
30 +2) [a1|u v| + 201 juv| >0,

where

oF oF

azfl(u/UL %:fQ(uvv)'

we take a1 = by = 1 for convenience.

Lemma 2.3. [15] There ezist two positive constants co and c1 such that

o ( 2(p+2) 2(p+2)) A ( 2(p+2) 2(p+2)>
— | |u + |v < Fu,v) < —— [ |u + |v .
553 (1 o) < ) < 5 (1 o

We define the energy functional

(20)

(21)

Lemma 2.4. Assume (11),(12),(13), and (20) hold. Let (u,v,y, z) be a solution of (18); then E(t) is non-increasing,

that is
1 1 1 1
BE) = Ll + 2+ S0 IVuld + vl
1 1 1
+=(goVu) + = (hoVv) + = K(y,2) — / F(u,v)dz,
2 2 2 o
satisfies
T2
B0 < —alluli+lul+ [ [ @ o dods
QJTr
T2
QJ7m
where

1 T2
K2 = [ [ [ el (@ p.00) + Ins(0)] o . 0.0))dodpd,
QJo T1
Proof. By multiplying (18)1, (18)2 by u, v+ and integrating over 2, we get
d 1 1 1 1 1
ot {§||ut”§ + 5“””% + EZIHVUH% + §l2||VvH§ + §(QOVU)
1
+=(hoVv) —/ F(u,v)dx}
2 Q
T2
= = [ o [ (@l 1,0 0deds
Q T
2 7}2
a3 = [ v [ lua@)lz(e. 1. . 0dgda
Q T1
1, 1 2 2
F1(g'0Vu) — Lol Vuld — | VulB
1 1
FL(00V0) — LRIV~ wa Vol

(22)

(23)

(24)
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and, from (18)3, (18)4, we have

dt2/// olpu2(0)y*(z, p, 0, t)dodpda
=*§/// 2|p2(0)|yypdodpdz
QJo Jr
1 72 9
= +3 [w2(0)|y” (x,0, 0, t)dodx
T1
T2
77// |/‘l’2 |y x7179a )d@d.ﬁl’
T1

S / 2 (0)de) ue3

1 ™
—5/ / lu2(0)|y” (2,1, 0, t)dodz,
QJr

dtQ// / olna(0)|2*(x, p, 0, t)dodpda
=-3 / / / 2|pa(o)|zzpdodpdx
QJo T1
= +5 lna(o)|2" (2,0, o, t)dodx
B
_7// ‘I’L4 |2 $71797 )de(l}'

- 4 / la(o)de) ve 3

1 2
_5/ / ‘M4(Q)|22(.’L’71,Q,t)dgdl',
QJr

then, we get

d 2 1
GEO = —wlwli - [ [ (@l o 0deds + 5(9'0V0)
QJr
1 1 [ )
—59®)Vullz — w| V|3 + 5 ( \uz(@)de)llut\lz
77// |.u‘2 |y m717Q7 )deZC
T1
1
a3 = [ [ lna@vesto, 1, 0.0 dode + (0T )
QJT1
1, (™ 2
**h( NIVl —wal| Vel + 5 ( |u4(9)d9)llvt|\2
77// |/"’4 |Z ‘,L'717Q7 )de.ﬁC (26)
T1
By (25)-(26), we get (22). By using Young’s inequality, (11),(12), and (13) in (26), we obtain (23). O
Now we define the functional
1 1 1 1
H() = ~B() = — sl — ol — sbIVul - S vol3

_%(gow) - %(hon) - 1K(y,z)

1 2(p+2) p+2
+m[||u+ 2(pr2y + 2llwvlpi2]-

(27)

Theorem 2.5. Assume (11)-(13), and (20) hold. Assume further that E(0) < 0; then the solution to problem (18)
blows up in finite time.

Proof. From (22), we have
E(t) < E(0) <0. (28)
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Therefore
T2
H(t) = -E'(t) > CS(Hut||§+// ln2(2)|y* (x, 1, 0,t)dod
QJr
T2
ol + [ [ a0l @1, . 0)dodo), (29)
QJr
hence
T2
) 2 o f [ i@l e 0deds 2 0
QJr
T2
() 2 o f [ @) e 0deds 20, (30)
QJr
and
1 2(p+2) p+2
0 <H(0) < H(t) < m[”u +0lly 12y + 2lluvllpys]
c1 2(p+2 2(p+2
< W[Hungzﬁi + oll3 ) (31)
We set
Kit) = ]I-]Il_a+£/(uut+th)dx+%/(,u1u2+u3112)d1:
Q Q
+§ / (w1 (Vu)? + wa(Vv)?)da, (32)
Q
where € > 0 will be assigned later and
2p+ 2
O<a< < 1. 33
i+ (39
By multiplying (18)1, (18)2 by u,v and taking the derivative of (32), we get
K'(t) = (1—a)H "H' @)+ e(luel3 + [[vell3) = e(IVull3 + | Vol3)
t t
+5/ Vu/ g(t—s)Vu(s)dsda:—i—e/ Vv/ h(t — s)Vuv(s)dsdx
Q 0 Q 0
T2 T2
—5// |u2(0)|uy(z, 1, o, t)dgd:c—a// |ua(o)|vz(z, 1, 0, t)dodx
QJ7m QJr
+efllu+vl3E1E) + 2w 213)- (34)
Using Young’s inequality, we obtain
T2 T2
[ @yt 1o 0deds < sar( [ la@ldolul?
QJr T
1 T2 2
o ln2(0)ly”(z, 1, 0, t)dodz},
461 QJTr
(35)
T2 T2 2
[T st edets < o[ ns(oldo) ol
QJTr T1
1 ™ )
+o5 lna(o)z”(z, 1, o, t)dodx},
452 QJr
(36)
and, we have
t t
5/ g(t—s)ds/ Vu.Vu(s)dzds = 5/ g(t—s)ds/ Vu.(Vu(s) — Vu(t))dzds
0 Q 0 Q
t
+e [ go)ds] Tul
0
g ¢ 2 15
> 5 [ o@ds|val} - §(gova), (37)
0
t t
5/ h(t —s)ds | Vv.Vu(s)dzds = 5/ h(t —s)ds [ Vv.(Vo(s) — Vo(t))dzds
0 Q 0 Q
t
+5/ h(s)ds| V|3
0
e [* €
> 5/ h(s)dsHVng—5(hoV11)7 (38)
0
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we obtain, from (34),

K'(t) > (1= o)H "B () +e(uell3 + [luel3)

1

~((1= 3 [ a(@)as)Vuli+ (1= 5 [ hin)vel)

~eon( [ " a(0)ldo) ull3 — e8a / " a(o)ldo) o2

1

T1

€ € 2
5oV - 5 [ [ (@@, o) dods
1JaJrn

T2
—E(hon) - i// lna(0)|2%(x, 1, o, t)dodz
2 15 Jo /.,

+elllu+ vl 22D + 2ljuv|P13].

(p+2)
Therefore, using (30) and by setting d1, 1 so that, 451 =
1C3
1 H~<
and 160cs = KT(t), substituting in (39), we get

_ KHT ()
2 )

K'(t) > [(1—a)—enlH"H (1) +e(lluellz + [lve]13)

(1= 3 [ a@as)IVul —el = 3 [ nsas)vel:

5[ ool - o070
2O [ i@l - 50w

2(p+2)

p+2

tefllu + ol 2742 4 2fjuv]2 1.

For 0 < a < 1, from (27)

2(p+2
elllu+l3015) + 2uwl53] =

Substituting in (40), we get

+2 2
iz + 2wl

Fe2(p + 2)(1 — a)H(?)
+e(p+2)(1 — a)(luells + llvell3)

te(p+2)(1—a)(1 - / o(s)ds) |Vl

2
ealllu + vl

( ) )(
—e(p+2)(1 - a)(goVu)
—e(p+2)(1 — a)(hoVv)
+elp+2)(1 — a)K(y, 2)

K > [(1-a) = esH "B () +el(p+2)(1 — a) + 1] (lluell3 + Joe]13)

+el+ 20 -0 (1= [ o) = (1= [ stoyas)ivul

+elo+ 21— - [ o) — (1= 5 [ hs)as) 9ol
_H () (/:2 qu(a)ld@) lJul|2 — aw(/f \m(@)ldg) ]I

2¢c3k

+e(p+2)(1 —a)K(y,2) +el(p+2)(1 —a) — %](gow + hoVv)

2¢3K

tealllu+vl3(13) + 2lluvlF13) + e2(p + 2)(1 — a)H(2).

(p+2)

Since (20) hold, we obtain by using (31) and (33)
H' Ollullz < eaflul
H Olvllz < es(llol

for some positive constants c4, c5. By using (33) and the

2 —+2)+2 2 +2 2
SO 4 ol e P ul3),
2a(p+2)+2 2a(p+2)

2(p+2) + Hu||2(p+2) ||1)H§)7

algebraic inequality

B"g(B+1)g(1+1)(B+b), VB>0, 0<6<1, b>0.

b

(39)

(40)

(41)

(42)

(43)
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We have, V¢t > 0

2 +2)42 2(p+2 2(p+2
lull50 2522 < d(lfull5013) + H(0)) < d(|lullatis) + H(E)),
2a(p+2)+2 2(p+2 2(p+2
loll5tray ™ < ddlol5s) + H®) < dlvl51s) +HE),

where d =1 + ﬁ. Also, since
X+Y)Y"<CX"+Y"), X, Y >0, v>0.

We conclude

2a(p+2 2 2(p+2 2(p+2) 2(p+2 2(p+2
ol i Nulls < esllvllrs) + ul3®) < er(llvllahts) + lull5dts),

2a(p+2 2(p+2 2(p+2 2(p+2 2(p+2
lul3ed 3 ols < esllullatrs) + 03772 < eolllullia) + IvlaETs).

Substituting (44) and (46) in (43), we get

2(p+2 2(p+2
HOllulls < ewolllol3515) + [ullE53) + caoH(2),
o 2 2(p+2 2(p+2
H @) oll5 < en(ullytts) + [vl5515) + cnH(t).

Combining (42) and (47), using (21), we get
K'(t) > [(1—a)—exH "H'(t) +el(p+2)(1 — a) + 1(lluell3 + [Joel|3)
+e{llp+2)(1 —a) = 1] - (/O g9(s)ds)[(p+2)(1 - a) - %]}llvlbllg
+e{l(0+2)(1 =)= 1] = ([ hs)as) [+ 21— o) = GBIl

+e(p+2)(1 —a)K(y,2) +e[(p+2)(1 —a) — %](goVu + hoVv)

)\1 + )\2
MullZ852 + o] 352

+e(coa — 2(p+2) 2(p+2)
AL+ A2
2 2)(1 —a) — H(¢
Fel2(p+2)(1 - @) - 22 2m),

where A1 = c10 [2 [p2(0)ldo, A2 = c11 [72 [ua(o)|de.
In this stage, we take a > 0 small enough so that

a1 =(p+2)(1—a)—1>0,

= ~ P+2)(1-a)-1 _ 2u
max{/o g(s)ds,/O h(s)ds} < (012 =

1_@)_5) 20[1-|—1

and we assume

we have

o0 = A+ -0 -1 [ s@as@+2(1-a) - )} >0

Il
iy
[
S

a3

(B +2)0=0) =1~ [ hes(p+2)(1-a) = )} >0

then we choose x so large that

AL+ A2
Qg = aco — 0,
2¢c3kK
A1+ A
as = 200+2)(1—a)— 12;2 0.

We fixed k and a; we appointed € small enough so that
ag=(1—a)—ex>0.
Thus, for some 8 > 0, estimate (48) becomes

K'(t) > B{HE) + lluell3 + lloell3 + Va3 + IVoll3

+(goVu) + (hoVv) + K(y, 2)

2(p+2 2(p+2)
Hlull5E ) + lull5E 0}

(44)

(45)

(47)

(50)
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By (21), for some 81 > 0, we obtain

K'(H) > B + lluel3 + el + [ Vull3 + Vo]
+(g0Vu) + (hoVv) + K (y, 2)

2(p+2
Hllu + i3 1) + 2wl (51)
and
K(t) > K(0) >0, t>0. (52)
Next, using Holder’s and Young’s inequalities, we have
1 =y
|me+wmmka > Clllul 5y, + luell
K
+Hv\|2<p+z> + el ™, (53)
where 1 —|— = =1
We take 0 = 2(1 — a), to get
2
K’ <2(p+2).

l—a 1—2a —

Subsequently, for s = (1_27%) and by using (27), we obtain
™ 2p+2)
iz, < dulZE + ),
2
ol < dlvlsGis) +HE), vexo.
Therefore,
1
‘LWwwmwlachM%Q+M%Q+M%+Mﬁ%MH
(54)
Subsequently,
1 1—a € 2 2
Ki-a(t) = (H +s/ (uue + vvg)de + 3 / (pau” + psv)dx
Q Q
+% / (w1 Vu? —l—ngVvQ)das)ﬁ
Q
1 2 2
< c{H() +|/(Wt +vv)de| T+ lully ™ + [Vl
Q
2 2
+llvlly ™ + Vol ™ }
< C[H(E) F uellz + loells + [Vullz + [V0]13 + (90Vu)
+(hoo) + [[ull3 53] + el 3] (55)
From (50) and (55), it gives
1
K/ (1) > ACT (1), (56)
where A > 0, this depends only on  and c.
by integrating (56), we obtain
e 2 1
Ki=a(t) 2 —
K75 (0) — Ap2syt
Hence, K(t) blows up in time
l-«a
T<T" = —— .
- Aake/(1=a)(0)
Then the proof is complete. (|
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