International Journal of Applied Mathematics and Simulation. Issue.02, Volume.02, pages.13-25. Dec 2025 13

/' International Journal of Applied

Mathematics and Simulation

Asymptotic Analysis of a Dynamic
Elasticity System with Nonlinear Source
Term and Frictional Boundary Conditions

in Thin Domains

Mohamed Dilmi!
Dilmi Mourad 2

DOI: https://doi.org/10.69717 /ijams.v2.i2.143
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1. Introduction

The study of the asymptotic behavior of elasticity systems and related models has attracted considerable attention
in recent decades due to its fundamental role in understanding physical phenomena across scales. Asymptotic analysis
serves as a powerful mathematical framework for examining the limiting behavior of solutions as certain small parameters
such as the thickness of a domain or the characteristic scale of material heterogeneities tend to zero. This approach
is particularly relevant for the modeling of thin structures (e.g., membranes, plates, and shells), where dimensional
reduction transforms complex three-dimensional problems into more tractable lower-dimensional models while preserving
essential physical and mechanical properties. Such analyses are of great practical importance in structural mechanics,
biomechanics, and materials science, where accurate predictions of deformation, stress distribution, and dynamic response
are crucial.

The importance of this line of research is well illustrated by numerous contributions in the literature. For instance,
Dilmi [1] investigated the asymptotic behavior of nonlinear viscoelastic problems with Tresca friction law in thin domains,
while the authors in [2] analyzed an elasticity system with a nonlinear dissipative term. In a related study, Dilmi [3]
examined a quasistatic electro-viscoelastic problem featuring Tresca’s friction condition on part of the boundary. The
asymptotic justification of elastic plate models was established by Gilbert and Vashakmadze [4], while the corresponding
analysis for shells was developed by Chacha and Miloudi [5]. Moreover, Dilmi and Otmani [6] extended the framework
to generalized elasticity equations with variable exponents, enriching the understanding of nonlinear effects in complex
materials. For further references on partial differential equations formulated in thin domains, the reader may consult,
for instance, [7], [8] and [9].
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Beyond these contributions, classical and modern works have laid the theoretical foundations for asymptotic methods
in elasticity and related fields. Ciarlet [10] provided a rigorous mathematical theory of thin elastic structures, while Lions
[11] developed essential concepts in homogenization theory and variational convergence. Applications of asymptotic and
variational techniques span diverse areas, including fluid-structure interactions [12], fracture mechanics [13], and contact
problems with nonlinear boundary conditions [14], [15] demonstrating the versatility and broad impact of these analytical
tools.

In this paper, we focus on the asymptotic behavior of a dynamic problem for linear elasticity in a thin three-
dimensional domain Q° C R®, incorporating a nonlinear source term o |uf|’~? u° and a strongly nonlinear boundary
condition of frictional type. Our primary objective is to describe the behavior of the displacement field as the thickness
parameter € to 0. This setting models physically realistic situations where thin elastic structures such as layered
composites or membranes are subjected to external loads and frictional constraints on parts of their boundary.

The model presented in this paper introduces several new features compared to previous studies, particularly the
work of Dilmi et al. [2]. In addition to the nonlinear source term, this model incorporates a nonlinear exponential-
type boundary friction law, which accounts for tangential resistance along the contact surface and leads to a nonlinear
variational structure. Moreover, it establishes a coupling between nonlinear internal damping and nonlinear boundary
friction within a dynamic elastic system defined in a thin domain with possibly heterogeneous coefficients depending on ¢.
This configuration, involving mixed boundary conditions (Dirichlet, Neumann, and frictional), allows for a more realistic
representation of contact and energy dissipation phenomena in elastic materials, thereby extending the theoretical
framework of previous works.

The mathematical analysis relies on a variational formulation that ensures the existence and uniqueness of weak
solutions. Through an appropriate scaling transformation to a fixed reference domain, we derive uniform estimates with
respect to the small parameter £, which enable us to prove the convergence of solutions and identify the corresponding
limit equations. The resulting reduced system retains the essential nonlinear and dynamic features of the original
problem, offering valuable insights into the mechanical response of thin elastic bodies under complex boundary conditions.

The structure of this article is as follows. Section 2 introduces the physical setting and governing equations. Section
3 presents the variational formulation and establishes the existence and uniqueness of solutions. Section 4 describes the
scaling to a fixed domain and derives the corresponding a priori estimates. Finally, Section 5 provides the asymptotic
analysis, including the convergence results and the characterization of the limit problem.

2. Problem Description

We consider a problem associated with deformations of a homogeneous and isotropic elastic body in a dynamic regime
within a thin bounded domain Q° of R®, with a regular boundary surface I'* partitioned into three measurable parts
@, T%, and TS, where w is a bounded domain of R? defined by the equation z3 = 0. We assume that w is the lower
boundary of the domain, '}, is the lateral boundary, and I'j is the upper surface defined by the equation 3 = eh(z1, z2),
where ¢ is a small parameter intended to tend to zero (0 < € < 1) and h(-) is a function defined on w such that

O < h - hmin S h($17x2) S hmax = }_7/7 v(l’17$2) € w.
We denote © = (z/,z3) € R®, 2’ = (x1,22) € R?, so the physical domain QF is given by

QO ={(«,23) e R®: 2’ € w,0 < 3 < eh(z)}.

€3

Iy

Figure 1: The elastic body €.

We denote by u®(z,t) = (ui(z,t),us(x,t),us(z,t)) the displacement field and o°(-) the stress tensor, whose compo-
nents o;;(-), (1 < 4,5 < 3) are given by the following law

3
O'fj(ug) = 2,udz-j (us) + )\dek(us)éij, with dij (us) =
k=1
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where A, u are the Lamé coefficients, d;;(-) the strain rate tensor, and d;; is the Kronecker delta
P 1, ifi =y,
Y0, i #£ g
The equation governing the deformations of a homogeneous and isotropic elastic body with a nonlinear source term in
a dynamic regime is as follows

ou®

P = div(o® (u)) + afu " = £, in 0 x0, T, (1)

where f° = (ff, f5, f5) represents a mass density of external forces, p,a®,p € R} such that p > 2.
We now describe the boundary conditions. For this, we define the normal and tangential components of the displacement
u® by
£ € € € £
Uy, =U -N, U; =U —U,N,
and for the normal and tangential components of the stress tensor o, the definition is

on,=(-n)-n, of=0"-n—(op)n,

where n = (n1,n2,n3) is the outward unit normal vector on I'°.
e We assume that the displacement is known on I'f x]0, T'[ and I'7 x]0, T'[

u®* =0 onI'ix]0,TY, (2)

u®=0 onI'yx]0,T].

e On wx]0, T, the displacement is assumed unknown and satisfies the following condition
u, =0 on wx]0,T. (3)
e We also assume the existence of friction on w, modeled by a power law written as
of = —k°(2') (Jus|"*ul), onwx]0,T], (4)

where k° : w — R4 is the friction threshold (friction coefficient) and % + % =1.
The problem (1)-(4) is supplemented by the following initial condition

u®(z,0) = do(x), Ve Q- (5)
Remark 2.1. On wx]0, T, the third component of the displacement is zero
uz =0, onwx]0,TY,
indeed, according to condition (3), we have
u;, = uini +usne +uzng =0 on wx]0,T7,

where n = (n1, n2,ng) = (0,0, —1) is the outward unit normal vector to w. Thus, u§ = 0 on wx]0,T7.

3. Variational Formulation

In this section, we derive a variational formulation of the problem (1)-(5). For this, we define the non-empty closed
convex subset of H'(Q¢)? )
K ={ve H'(Q):v=00nT{UT%, v, =0 on w},

and to simplify the notation, we denote

3
a(u,v) = 2u Z dij(u)d;;(v)de + A div(u)div(v)dz, Yu,v € H'(Q)?,
QE

ij=1 Qe

and
i) = [ K@) ) - vedo'
w
Here, a(-,-) is a bilinear form continuous and coercive on K¢ x K*.

Lemma 3.1. If u® is a regular solution of the problem (1)-(5), then it satisfies the following variational problem

Find u® € K¢ such that
(PE)" 3 (%5 +alu® ) + o (w720, ) + s (u?, ) = (f°,9), Vo € K7, (6)
u®(z’,0) = Jo ().
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Proof. Multiplying equation (1) by ¢, where ¢ € K¢, integrating over Q°, and using Green’s formula, we obtain

[ ipitns [ o224~ [ ohmpdetar [ uipuigudo= [ feun ™)
Qe Qe Zj re Qs Qs

The boundary condition (2) implies that

€ dr = 5 d /
e w

Moreover, of;n; = o7, + opn; and @;n; = 0 on w, so

/ oinjpide = / o - prda’.
Te w

Returning to (7), we get

/ P%%dz—ﬁ—/ Ufjg%d:ﬂ—/ai-go.rdx’ﬂ—/ k5|uf|P*2uf¢idw:/ ffgoidx. (8)
& Qe X w Qe o

In (8), we use the fact that

of = —K (s |7 2ut),

.

and

e a@’b _ e
/E Oij 81']' dz = a’(u 330))

we obtain the following variational formulation

auE € £ 1> —_ £ <€ £ €
(p ot 790> +a(u®, @) + o (Juf P 2ul, 0) + s (u,0) = (f5,9), Vo€ K°.

3.1. Existence and Uniqueness of the Solution

Theorem 3.2. Under the assumptions
7 e L0, T L2(Q7)°),
Yo € H'(Q°)® N LP(Q°)?, 9)
k® € L™ (w), such that 0 < ki < k°(2") < kS,

there exists a unique solution u® of (6), such that
u € L0, T; H'(Q°)*) N L™(0, T; LP (Q°)?),

ou®
ot

€ L>(0,T; L*(2°)?).

Proof. A) Existence. The proof of Theorem 3.2 will be carried out in three steps.
Step 1: Approximate solution.
We introduce a sequence (wy,) of functions with the following properties:
® Vj;ws € H'(Q°)% N LP(Q°)?,
® The family {wf, ws, w3, ..., w;,} is linearly independent,
® The space K5, = vect{w, w5, ws, ..., ws,} generated by the family {w$,w$, ..., ws,} is dense in K* N LP(QF)3.
Let uj, = uj,(¢) be an approximate solution of problem (1)-(5) such that

m

uf () = > mym(ws, m=1,2,3,...,
j=1

which satisfies the system of equations
aufn € 5 € 5 e |p—2_ ¢ € . 5 5 5 -
P Wi + a(tp, w5) + o (|um [P um, w5) + dq(um, w5) = (fw;), 1<j<m, (10)

which is a nonlinear system of differential equations, supplemented by the initial condition

U, (2,0) = Yom = Zijwj- — 9 as m — oo in H'(Q°)> N LP(Q)°. (11)
im1
Since the family {wf, w5, ..., w;,} is linearly independent, problem (10)-(11) has at least one solution wuj, in the interval

[0, tm].
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Step 2: A priori estimates.
Multiplying equation (10) by 7j,,(t) and summing over j = 1 to m, we obtain

ou;, Ous, valw ou;, +a (Jus P20 ous, v Oug, \ fau;
P at ’ at my 6t m ms 8t Ja ms 8t - ) at )

Moreover, using the Gateaux derivative, we have

_ ous, 1d
(10 =25 B ) = S s ey

and

. . Ous,
A R (LT

. Oup, d A, e
@ (us %2 ) = [P O e + vt (DI |
Using formulas (13)-(15) in Eq. (12), we obtain

Ousn (1) ||* d - Ao
H ot L2(0°)3 + a H Hd(um(t))”LZ(Qs)sz + 5 ||d1v(um(t))“L2(Qa)

o d, . » 1d
+?%” m(t)HLp(Q)S'i'&E

(f, Ous, (t )).

Integrating the last equation over ]0,¢[ and applying Holder’s and Young’s inequalities, we deduce

ot
< (2 + M) ||[9om||2 o I? kS, | 90m |4
< @u+ Mol ey + 5 o eys + k5 [oml L1 0

Ouin (s)
ot

we also have

(4 l 1>
1K) (O 2

2

2 af
ds + plld(un ()22 eysxs + — lum @75 qe)s
L2(Q#)3 p

2

ds.
L2(QE)3

t
+2p [ 156 Eaaeds + 5
0

Now, using Korn’s inequality (26)
2 2
Crellum (D) (92ys < lld(um ()22 ()33
the inequality (16) becomes

P /t Aui (s)
2 0

ot
t
< 2/0/0 ”f(s)HZL"’(QE)?’dS + (2/L + )‘)H1907n||%{1(95)3 + aEHﬁomHip(Qs)S + ki*HﬁOm”%q(w)?’

2

a&
ds + uCicllusn ()i aeys + S5 ()17, ey

L2(QE)3

since
¢ 2 2
20 [ 15O aaeypds + 20+ ) om ey + W0 o eys + KB L
0
<C¢ VmeN".
Here, C¢ is a constant independent of m. Thus, we obtain

H uin(s)

2

2
+ [ (D1 @eys + lum (D175 geys < C°
Lo (0,T5L2(Q#)3)

ot

Step 3: Passage to the limit.
From the estimate (17), we conclude

us, bounded in L™ (0, T; H'(Q°)%) N L>(0, T; L*(2°)*),

Oty
ot

we deduce that we can extract a subsequence u;, such that

bounded in L2 (0,T; L’ (96)3):

us, — win L=(0,T; H(2°)%) N L™(0,T; LP(Q°)%),

(12)

(16)

(17)
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The sequences us;,, agz" are bounded in L?(0, T; L*(Q°)?), so by Lions’ compactness lemma [16], we can deduce

us, "NEY 0 in L2(0,T; L2(Q°)%).

Moreover, since % + % =1, we have

/Hump%ufnvd;c:/ [us, |Pdz < C*.
Qs Qs

Thus, |us, [P~2us, is bounded in L°°(0, T'; L9(Q°)?), which implies that |uS, [P ~2u5, — x© in L°°(0,T; LI(QF)?). But since
us, — u in L*(0,T; L?(92°)?), we find

[P~ = X = [0 in L0, T5 L)), (19)

Now, let j be fixed, and [ > j. Then from (10), we have

ouf _ . .
(P55 ) + atu ) + 0 (ufPuf5) + ot ) = (Frus), 15 <0 (20)

Moreover, from (18) and (19), it follows that

(|uﬂp72ul€,w§-) — (|u5|p72us,w;) in L=(0,7),
ou; . IR ou® .\ . oo
(ﬁfwj) (ﬁ?wj> in L (OvT)v

a(uj,w;) = a(u®,w;) in L=(0,T).

Consequently, when | — oo, formula (20) becomes

thus

0’“’8 € € € € € - € £ - € € 1 €
(5t ) +ala ) + " (P2 ) + ot w) = (1% ),

for all w; € K7, and all 1 < j < m.
By the density of K2, in K° N LP(Q°)*, we conclude that

8’&8 15 5 g|\p— 5 . 5 £ €
(p 5 ,¢>+a(u L)+ o ([u P20, 0) + jo(us, ) = (f5,9), Ve € K*. (21)

Thus, u® satisfies (1)-(3).
B) Uniqueness of the solution.
Let u®! and u*? be two solutions of problem (6). We have

aus’l 1> (> [ — > +€ 1> 14 (>
(pw,w) Fa(u™h ) +af (u T ) g 0) = (5 9), Ve € K° (22)
and
8u5’2 £,2 € £,2|1p—2 ¢€,2 e €,2 5 €
(pw,w)Jra(u’,so)Jra (™" %u™%, 0) + 55 (u™%, ) = (f%,9), Ve € K" (23)
Choosing ¢ = u¥? — 4! in (22) and ¢ = u®' — u®? in (23), then summing the two equations, we obtain

6 us,l _ u5,2
p ( ( at )7u£,1 _ us,2 +a (us,l _ uE,Q’ ua,l _ ue,2)

+ CME (|us,1|p72u€,1 o ‘u5,2|p72us,27u5,1 o uE,2)
+ j; (us,17 us,l _ u5,2) _ ]Z (uE’Q, us,l _ us,Q)
=0.

Using the fact that
(‘ue,l

p72u5,1 _ |us,2|p72u6,2’u5,1 _ us,2) 2 O,
and

]; (u5,17u5,1 o UE,Q) _ .7; (ue,27u5,1 o u5,2) Z O,

we conclude that p

Pat

Now, integrating (24) over |0, ¢[, we obtain

™ () = w2 O 2 eys + 2 [0 =072 s ey <O 24

t
05 = 2 e+ [ 1 6) = 0726 g s 0.

1

Hence u®! = u®2, which completes the proof. O
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4. Change of Domain and A Priori Estimates

Our domain ° varies with ¢, so to study the asymptotic analysis of the problem, we will first transform the domain Q¢
into a fixed domain (2. For this, we will use the scaling technique

T3

-

Thus, the fixed domain {2 is defined by
Q={(2,2) eR*: 2’ €w,0 <z < h(z)}.

We denote its boundary by ' = wUT UT}.
We define new unknowns on €
i(x/"z?t) = ui(x,7x37t)7
3($,,Z,t) = US(CL’,,.CL’:;,t),
§(x/,z,t) = Ug(.’x,.’tg,t).

For the problem data, we assume they depend on ¢ in the following way

{fi(m',z,t) fi(z,z3,t), i=1,2,3,

kE=ck®, a=ce2af,

where fl (i=1,2,3), k, and & are independent of ¢.
Moreover, we define function spaces on 2

K={peH'(Q)®:¢p=00onT1 Ul and ¢ -n =0 on w},
(K)={p € H(Q)?:p=00nT1 UT},

v

9z

VZ:{UGL2(Q)2 € L*(Q)°, and v =0 on I‘l},

1
a? 2
Iollv. = { vl 722 + H* :
() 9z 1202

V. is a Banach space equipped with the norm

By multiplying (6) by ¢ and transforming to the fixed domain 2, we show that the problem (PK¢) is equivalent to the
problem (PK) given by

Find 4° € K such that
2 2
Bu ~ ~(NE A ~ ~E ~E A
62021( o 7501) +e p( o 7503) + a(a ,w)+a;(lui|p a5, ¢i)
(PK) § +ae?(|a5|P a5, ¢3) + Jq (5, @) (25)
3.
= ;(f L @i) +e(fs, @3), Vo €K,
@ (0) = Do,
where
2
= k 197245 ¢ da’
i=1
and

2 .
~ _ 72 871'8' a@l /
a(a = z:: / ( 8:&) oz, dz'dz

o0t; | 2005 0pi | 20¢3
—|—,ui§::1/n < 0z te 8:&) <8z te ox; de'dz

au3 8903 /2/
Q 82’ 0z dz nle( )le( )dxdz

We now attempt to derive a priori estimates for 4°. For this, we need the following lemmas.

+2p52

Lemma 4.1. (Poincaré Inequality [17]) Recall that 0 < h(x') < h,Vx' € w. We have the following inequality

_ 0s
L i
0z || 120y
Lemma 4.2. (Korn’s Inequality [18]) For all ¢ € K¢, we have
O 196l qeyes < 14(0) ey, (26)

where Ck is a positive constant independent of € and .
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Theorem 4.3. Under the following hypotheses
afs 2 2 £\3 _ S _
f7 L(O7T7L (Q))7 19070:]( (0)*07
there exists a constant ¢ independent of € such that
2 o2 e |2
ou 8 28u§ ~E
+ [laz 7 (27)
; (H az L2(Q) 0zi || 12 () e
2 e 12 e 12
auf H 5u§ ~E
+ € + || + llets|l}
2]2;1 Ox; L2(Q) 0z L2(Q) L
<e¢
2 NNIE Lo\ (12
> (5 (8“1) “5 (50) o
et 0z \ Ot £2(0) Ox; \ Ot £2(0)
2 o2
ous
+ =+ ‘ £
E:l 8“’] 120 12(2) 0t {120
<ec
Proof. Let u® be the solution of problem (6). Taking ¢ = €%~ we have
ou® Ou . Ou® - eip—2 e OU® e o Ou° . Ou®
P\ ar ) e\ ) T [l ) (w5 ) =\ )
hence )
ous(s) 1d 1, ¢ . Ou®
La o ik = (7, .
0|2 s 4 [0 I+ L1V ] = (7. 5)
Integrating over |0, t[, we obtain
AN ONE of ks
ds + a(u®,u®) + —||Y + 2w
A e PR U R L A U
t
iy Ou(s)
<2 d
<2 [ (re. 250
since . .
2 [ (#7025 ) as =270 — 27000 2 [ (2L ur9)) a,
0 ot 0 ot
using the Poincaré inequality -
||u5||L2(QE>3 S 6hHV’lLEHL2(Qs)3><3,
and Young’s inequality
2 2
ab < 772% + 77_2%7 V(a,b) € R*, Vn,
we obtain
t € t
14 8 € €
2 [ (£ 250 i < uCk IV e + 1Ok [ 196G s (29)
0 0
e 4(eh)? [t||ofe(s) |
+ Il 2003 + / ds.
e N bl
From (29) and Korn’s inequality (26), we deduce the existence of a constant C'x > 0 independent of € such that
€112 O‘S € p
HOK V0 ey + 106 s (30)

af<(s)|?

ds.
ot s

45 h? 4(eh?
< 1Cic / IV () eyoes ds + S £ e + 2 ) [
0

LZ(QE)S
Multiplying (30) by € and using the equality
52||f6”2L2(Q€)3 = 571||f“i2(9)37

we obtain

as t
pCxe||Vu®||72(qgeyaxs + ;al\us(é’)llip(gs)g < MCK/ el Vs (5)[1Z2qeyaxa ds + A,
0
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where A is a constant independent of &, with

of |’

ot

_ 4Ai||f||2 + E
- ,LLCK LOO(O,T,Lz(Q)3) ,uck

L2(0,T,L%(Q)3)
Using Gronwall’s lemma, we find

1 2

12 ey + el T 22 eyins < e

Thus, the estimate (27) is proved.
To show the a priori estimate (28), we differentiate (21) with respect to ¢, then take ¢ = W’ yielding

82us ou® ta out Ous +( 71)a6 ‘ |p 28u ou®
P oz ot ot ot P ot ot
5 0ut Ou®
_ €. €1q—2
+ (q 1)/wk:|u\ o 8td
_(of 0wl
“\at’ ot )’

since [ k%|u®|?? Ou” 6“ dx’ > 0 and (|u |p=20u”  Ou” ) > 0, we obtain

ot Bt 'Ot

2 e € € 5
+a<8l78u>§<8u76f>‘
- at ot ot

Integrating over ]0, ¢[ and using Korn’s inequality (26), we find

ou®

sl

2

€ t e (12 t € €
Hau +2pCK/ Vau :2/ (8f (S), Ou (S)) ds,
ot L2(Q¢)3 0 ot L2(Qe)3x3 0 ot ot
from which we deduce
ous ||? 8u5 2
+ 2uC /
p H 6t QE)B :U‘ ® (0] 8t L2(QE)3X3
e |12 t e 2
< uCk Vai —I—MCK/ V@u (s) ds.
at L2(Qa)3><3 0 at L2(Qa)3><3
712 t € 2
Ry Ut .
#Ck Jo ot L2(0F)3
Now, multiplying (31) by &, we obtain
s 2 t s 2
pE v +uCK/EVu ds < B,
ot L2(Q¢€)3 0 ot L2(Qe)3%3

where B is a constant independent of &

~l12
of

ot

_4R?
pCx

L2(0,T,L2(2)3)
Thus, the estimate (28) is proved.

5. Convergence Results and Limit Problem

We have established a priori estimates for the solution of problem (25) in the previous section. The natural question is:
what is the asymptotic behavior of the elastic membrane when the thickness becomes very small? Mathematically, this
amounts to determining whether the displacement field 4° has a limit as € tends to zero and what problem this limit

satisfies. In this section, we will attempt to answer these questions.

Lemma 5.1. Under the hypotheses of Theorem 4.3, there exists uj € L*(0,T,V,) N L?(0,T,LP(R)),i = 1,2 such that

for any subsequence of 4, still denoted 4°, we have the following convergence results:

W —uf,i=1,2, in L*(0,T,V,) N L*(0,T, LP(Q)),

ou;  Ouj . R
: =12 L TV,
ot ot 5 y 4y I (07 >V)7
ous ) 0% 2 2
ot 0;¢ 8x]8t — 0,4, =1,2, in L7(0,T, L7 (2)),
ou;

ey —0i=1,2 in L*(0,T, L*(2)),

(32)
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2 0U5 . 2 2
D 0,i=1,2, in L°(0,T,L"(Q)), (35)
52% — 0, in L*(0,T, L*(Q)), (36)
a5 — ul,i=1,2, in L*(0,T, L*(R2)), (37)
[P as — |uf [Py, i = 1,2 in L*(0,T, LY(Q)). (38)
Proof. According to Theorem 4.3, there exists a constant ¢ independent of € such that
o2
Hau’ <e i=1,2.
9z lir2e)
Using this estimate and Poincaré’s inequality
aus ||
||Uz||L2 Q <hH 1=1,2,
(2) 9z L2(Q)

we deduce that the sequence 45 is bounded in L?(0, T Vz)ﬂLQ(O T, L?(Q)), hence the weak convergence result. Similarly,
a 1 is bounded in L?(0,T,V;) and consequently converges
. For (33)—(36), according to (27), (28) and (32).

das
5t
to a limit v, and since 4 — u}, therefore v = 8t

from (28) and Poincaré’s inequality for

The sequences 45, aa—a;,i = 1,2 are bounded in L?(0, T, V,), so by Lions’ compactness lemma [11], we can deduce

@ — u} strongly in L?(0,T; L*(Q)), i=1,2.

/.

Therefore, |45 [P~245 is bounded in L*(0, T; L9(QF)). Since 45 strongly u} in L?(0,T; L*(2)), hence (38). O

On the other hand, we have
ag [P |

dw:/ w|Pde < C, i=1,2.
QE

Theorem 5.2. Under the assumptions of Theorem 4.8, the limit (ul,u3) satisfies the variational formulation

au a (3 A~ 2 *|p— * A 7 BN
uZ R ALY [ it pdads + ) (39)

-y [ fipda. v enro),
i=1 7%

also (ui,u3) satisfies the following problem

n A ) + Al () = i), i= 1,2 in 1), (40)

Proof. Recall that the variational formulation (25) can be written as
oS ot 3 2 )
: Z(@t’%) Z(at’%) a(a,@)+a) (167", ¢i)
' i=1 i=1
(2%, 9)
3
=" (Foti) e (frgs), VoeK.

i=1

+ & (\Us\p 2”37803)

Letting ¢ tend to zero, and using the convergence results from Lemma 5.1, we obtain

8 0P
,uZ Ui @dmdz—i—afﬂ\ulf 2u“gpzdccdz—i—J Z/fzgazdmdz

We now choose in this variational formulation

@i € Hy(Q), i=1,2,

therefore, we find

2 5 )
auf 8@1 . D2 % R _ .
N;/ﬂ 92 02 dxdz —&-a;/n |ui [P u;i - pidedz = ;/ingoidxdz.

Using Green’s formula, then by choosing ¢1 € H} () and @2 = 0, then $2 € Hj(Q) and ¢; = 0, we obtain
_/ Mﬁ <8ui ) Pida’dz + d/ |wf P2 - peda’ dz +/ figidz'dz, V@i € Hy(Q), i=1,2.
q 0z \ 0z Q Q

Consequently

62;52(?5) +alu ()P Pui () = fi(t), i=1,2 in H Y(Q), Vt€0,T], (41)

and since f; € L?(Q), i =1,2 then (40) holds in L(Q)). O
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Theorem 5.3. Let

aau (x,0,t) and s*(z,t) = u"(x,0,t),

z

the traces of the displacement u™ = (uj,u3) on w. Under the same assumptions as Theorem 5.2, T* and s* satisfy the
following inequality

Tz, t) =

/ (I%|s*|q72s* - ;u'*> @dx’ >0, V¢ e L*(w)?, (42)
and the friction condition of the power law
prt = k|s*|97%s", a.e. inw x 0,77,

also (u*, s™) satisfy the weak formulation

h
/ (F - gs* +/ u*(z, z,t)dz + U) Vo(x')dz' =0, Ype H' (w), (43)
w 0
where
N a (" ah
F(x,h,t) F (z, h,t) dz— —F(x,h,t), U(z,h,t)=—— U(x,z,t)dz+ —U(I,h,t),

F(x,2,t) = //fxn, Ydnd¢, Uz, z,t) = //\u|p2*mn7)dndc

Proof. From the variational formulation (39), we have for all ¢ € II(K)

ou; 9p; R o
NZ . 0z id dz+a2/|uz|1? 2Ui90¢dx/dz+Jq(u 5)

:Z/ fipida'dz,
=179

and since n = (0,0, —1) on w, using Green’s formula, it follows that

2 x 2
—,uz 8 = gZszx'dz-i-dZ/ \uf|p72uf<ﬁidxdz — / ur*pidx’ —i—/ k‘|s*\q72s*¢7dz'
i=1 Y9 w w

i=17%

From (40), we obtain
—/ pur*pdx’ +/ kls*|"%s*@da’ =0, ¢ € D(w)>. (44)
Therefore, by the density of D(w)? in L?(w)? we deduce (42). From (44), we obtain
prt = k|s*|97%s", a.e. on w x 0, T].
To prove (43), by integrating equation (40) twice from 0 to z, we find

Wt (@ m ) = 85+ i+ / / if [P~ (2!, €)dndC — — / / fila!m, dndc, (45)

in particular for z = h(zx), thus we have

s; + hti :—f/ / |uf P~ u (x, n, t)dnd¢ + — / / fi(x,n, t)dndC. (46)

Integrating (45) between 0 and h, we obtain

h A phopzopC
/ ui(z',z,t)dz = hsi+ = h2 - g/ / / |ui P~ (2, n, t)dnd(dz (47)
0 HJo Jo Jo

_i/o /0 /chi(x/7n,t)dnd§dz.

h
* h *
/ uj (2, 2, t)dz — 58 +F,+U;, =0,
0

From (46) and (47), we deduce

with .
Fi(a' h,t) = l/ Fi(2', 2z, t)dz — iF(ac h,t), Fi(z', 2,t) / / fi(@',n, t)dndc,
e Jo 2p
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« h ~
Ui(z', h,t) = f%/ Ui(x/,z,t)dz+g—ZUi(x',h,t), Us(z', 2,t) / / [ug [P~ 2uf (', n, t)dndC.
0

Thus, we obtain the weak formulation

h
/ (/ u*(z', 2, t)dz — gs* +F+ U) Vo(z')dz' = 0.
w 0

O
Theorem 5.4. The solution (u},u3) of the limit problem (39) and (40) is unique in L*(0,T,V,) N L*(0,T, L? ()?).
Proof. Suppose there exist two solutions v* and u** of the variational formulation (39), thus we have
ou; 0p; 2 %o / 2w A
“Z Dz 5‘zd z'dz +aZ/|ulp ui @idx'dz + Jg(u*, ) (48)

i=179

and

MZ/ il 8%61 dz —I—aZ/W**p Qu:‘*Adl’dZ'i‘Jq( » P ) (49)

:Z / fipidz'dz.
i=17%

Taking ¢ = ™ — u* in (48), then @ = u* — v** in (49) and summing the two equations, we obtain

uz

dr dz+a2/ (a2 — a2l (uf — ul)do'dz

+Jq(u S —ut) = Jy(ut ut —utt)
=0.

On the other hand, we have
(lud [P 20y = ™ [P~ 2ui™) (u —ui™) >0,

and

Jy(u* ut —u) = Jy(utt ut —utt) > 0.
By setting W (t) = u*(t) — u**(t), we get
OW |
=5, HL2 @2 = 0.

Using Poincaré’s inequality, we deduce that
IWllz2o,7,v.) =0
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