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The aim of this paper is twofold. Firstly, we study the real interpolation of Herz-type Besov-Triebel-Lizorkin
spaces. Secondly, we present the complex interpolation of Herz-type Besov spaces. As application we give a
simple alternative proof of Sobolev embeddings in Herz-type Triebel-Lizorkin spaces K;""IFBS, seR,1<pg<
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1. Introduction

The theory of interpolation had a remarkable development due to its usefulness in applications in mathematical analysis.
For general literature on real and complex interpolation we refer to [3], [32] and references therein. Let us recall briefly
the results of complex and real interpolation of some known function spaces. For Lebesgue space we have

[LPO’LPI]e =L", 1< Po,p1 < 00,

and
(Lpo> Lpy)o,g = L7, 1< po#p1 <00, 1<¢q< o0,
see [3, Theorem 5.1.1], where L”? is the Lorentz spaces and
1-0 0
Ppo p1

0<f<1 and 1:
p

—~
—_
~

Let L,(R™,w) denote the weighted Lebesgue space with weight w. The weighted version is given as follows:

[LPO(]Rn7w0)7LP1 (Rn’wl)]9 = LP(RH’WS’W%_Q% 1 < po,p1 < o0, (2

~

see [3, Theorem 5.5.3] and [32, Theorem 1.18.5] with the same assumptions (1). Clearly all the above results are given
for Banach case, but in [30, Lemma 3.4] the authors gave a generalization of (2) to the case 0 < po,p1 < co. For Sobolev
spaces

[Wpo" (R"), Wi (R™)]o = W (R™) and (W52 (R™), W2 (R"))a,p = Wy" (R"),
with the same assumptions (1), 1 < po,p1 < 00, Mo, m1,m2 € N and m = (1 — 0)mo + Oma, see [32, Remark 2.4.2/2 ].
The extension of the above results to generalized scale of function spaces is given in [3] and [32].
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In this direction we present real and complex interpolation of Herz-type Besov-Triebel-Lizorkin spaces. For the
problem of complex interpolation, we consider only Herz-type Besov spaces, since the complex interpolation of Herz-
type Triebel-Lizorkin spaces is given in [9].

The interest in Herz-type Besov-Triebel-Lizorkin spaces comes not only from theoretical reasons but also from their
applications to several classical problems in analysis. In [23], Lu and Yang introduced the Herz-type Sobolev and
Bessel potential spaces. They gave some applications to partial differential equations. Y. Tsutsui [35] has considered
the Cauchy problem for Navier-Stokes equations on Herz spaces and weak Herz spaces. In [11] the author studied the
Cauchy problem for the semilinear parabolic equations

Oru — Au = G(u)

with initial data in Herz-type Triebel-Lizorkin spaces and under some suitable conditions on G.

The function spaces obtained by real interpolation of Herz-type Besov and Triebel-Lizorkin spaces; see Theorem 3.25
below, are studied in detalis in [13], where the author present the -transform characterization of these new class of
spaces in the sense of Frazier and Jawerth. In that paper one can find the Sobolev and Franke-Jewarth embeddings. Such
embeddings extend and improve Sobolev, Franke and Jawerth embeddings of Besov and Triebel Lizorkin spaces. Also, the
author established the smooth atomic, molecular and wavelet decomposition of these function spaces. Characterizations
by ball means of differences are given.

Throughout this paper, we denote by R™ the n-dimensional real Euclidean space, N the collection of all natural
numbers and Ng = NU {0}. The letter Z stands for the set of all integer numbers. For a multi-index a = (a1, ..., an) €
Ng, we write |a] = a1 + ... + an. The Euclidean scalar product of z = (z1,...,2») and y = (y1,...,yn) is given by
T-Y=2T1Y1 + ... + TnYn-

The expression f < g means that f < cg for some independent constant ¢ (and non-negative functions f and g),
and f ~ g means f <g < f.

By suppf we denote the support of the function f, i.e., the closure of its non-zero set. If E C R" is a measurable
set, then |E| stands for the (Lebesgue) measure of F and x g denotes its characteristic function. By ¢ we denote generic
positive constants, which may have different values at different occurrences.

The symbol S(R™) is used in place of the set of all Schwartz functions on R™. We denote by S'(R") the tempered
distributions on R™. We define the Fourier transform of a function f € S(R") by

F)E) = (2m) "2 / T f(2)de, € € R

n

Its inverse is denoted by F~'f. Both F and F~! are extended to the dual Schwartz space S’(R™) in the usual way.
(i) Given a measurable set E C R™ and 0 < p < oo, we denote by LP(E) the space of all functions f : E — C
equipped with the quasi-norm

1y = ([ @ de) " < ox.

with 0 < p < co and
£l e ¢y = ess=sup | f ()] < oo.
x€E

If E =R", then we put L*(R") = L” and ||f|[, g, = || f]|,-

(ii) Let @ € R and 0 < p < co. The weighted Lebesgue space LP(R",| - |*) contains all measurable functions f such

that
1/p

1y = ([ @ lal7d) ™" < o
If « = 0, then we put LP(R", |- |°) = LP.

2. The spaces Kg"qu and K;j"ng

In this section, we present the spaces K;,’“’BE and Kg’ng on which we work and recall some of their properties. For
convenience, we set

By = B(0,2%), Byp={zeR":|z|<2"}, Rp=By\By_1 and xi=xr,, k€Z
We begin by recalling the definition and some properties of homogeneous Herz space; see [10] and [24].

Definition 2.1. Let 0 < p,q < oo and o € R. The homogeneous Herz space Kg’q is defined as the set of all
f € L? (R™\ {0}) such that

>0 agq g\ /4
I llgas = (D0 25 ell2) " < o0,

k=—oc0

with the usual modifications when ¢ = co.

Remark 2.2. Let 0 < p,q < oo and a € R.
(i) The space K;°F coincides with the Lebesgue space LP(R",| - |*?). In addition

Kp? =L".
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(ii) Let 0 < ¢1 < g2 < 0. Then . )

K:’QI s K;%Qz.
(iii) The spaces K7 are quasi-Banach spaces and if min(p, ¢) > 1 then K7 are Banach spaces.
(iv) Let Vi ,pq be the set of (a,p,q) € R x [1, 00]? such that:
ooz<nf%,1§p§ooand1§q§oo7
ea=n— %7 1<p<ooandq=1Let (a,p,q) € Va,p,q- Then

K% < Li,(R™).
holds.

Remark 2.3. Herz spaces play an important role in Harmonic Analysis. After they have been introduced in [17],
the theory of these spaces had a remarkable development in part due to its usefulness in applications. For instance,
they appear in the characterization of multipliers on Hardy spaces [2], in the summability of Fourier transforms [15],
in regularity theory for elliptic equations in divergence form [27]-[28], and in the Cauchy problem for Navier-Stokes
equations [35] and in [12] for semilinear parabolic equations. But, the study of the Herz spaces can be dated back to the
work of Beurling [1]. Feichtinger in [14] introduced another norm which is equivalent to the norm defined by Beurling.

Remark 2.4. A detailed discussion of the properties of Herz spaces my be found in [18], [21], [24] and [26], and references
therein.

Various important results have been proved in the space K » ¢ under some assumptions on a,p and ¢q. The conditions
f% <a<n(l- %), 1< p<ooand0< q< oo is crucial in the study of the boundedness of classical operators in K{,"q
spaces. This fact was first realized by Li and Yang [22] with the proof of the boundedness of the maximal function were
the vector valued extension is given in [31]. Let recall us recall this result. As usual, we put

1 n
M) =sup o [ 17 d, 1 € Lo,
B |Bl /B
where the supremum is taken over all balls of R™ and = € B.

Lemma 2.5. Let 1 < < 00,1 <p<ooand0< qg<oo. If {fj}jez is a sequence of locally integrable functions on R™

and =% <a <n(l- %), then

> 1/8 = 1/8
OS2 ome?) s OS2 1) 3)
- KP F— KP
j=—o00 Jj=—00
with the usual modification if B = oco.
From Theorem 2.5 we immediately obtain the following statement.

Lemma 2.6. Let 1 <p<ooand0<qg<oo. Let f e K;‘*" and —% <a<n(l-— %) Then

MOl g % 151145

Let A be a quasi-Banach space and (X, B, 1) be a measure space with o-finite positive measure. For f € L1(A) +
Lo (A),t >0 and XA > 0, we set
ms(N) = u({a € X : @), > A})
and
F7@) =inf{x>0:my(N\) <t}

Next we recall the definition of Lorentz spaces.

Definition 2.7. Let 0 < p < oo and 0 < r < co. Then the Lorentz space L”"(A) is the set of all function f €
Ly(A) + Lo (A), such that HfHme(A) < 00, where

% AT
HfHLPJ‘(A) = (/0 tr (f7(t) 7) if 0<r<oo

and 1
||f||Lp-,<>0(A) = i;llgtgf*(t) if r=o0.

Remark 2.8. A much more detailed about Lorentz spaces can be found in [16, Chapter 1]. If X = R", 11 is the Lebesgue
measure and A = C, then we put L?"(C) = L”". Recall that L?P = LP.

Now, we define Lorentz-Herz spaces.
Definition 2.9. Let 0 < p < 00,0 < q,7 < 00 and o € R. The homogeneous Herz-type Lorentz space K;f is defined
as the set of all functions f such that

oo

aq q 1/q
HfHKgg = ( Z 2* HkaHLP,,,.) < 00

k=—o0

with the usual modification if ¢ = o0, i.e.,

_ ka
17 gz = sp (2517 X[ )
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Remark 2.10. Suppose 0 < g < oo. If either 0 < p,7 < 0o or r = 00 and 0 < p < oo, then ng;q is a quasi-Banach ideal
space with the Fatou property. More detailed about Lorentz-Herz spaces is given [1].

Theorem 2.11. Let 1 <p,B,r < oo and 0 < g < oo. If {fr}rez is a sequence of locally integrable functions on R™ and

-2 <a<n(l- 7) then
H( M(fe)) )UﬂHK;g s H( > |f’“‘ﬁ)1/ﬁHz‘<g,ﬁ’

with the usual modification if B = oco.

Proof. The proof follows easily by the same way as that the proof of Theorem 2.5, see [31], but now one has to use the
Holder’s inequality for Lorentz spaces,

Ixaller = B)FIAR, 0<r<oo, [xallppe = 1417,

for any measurable set A C R" and

IC S )™, <[( 2 167)"]

)
LP:7T

see [29, Lemma 5.1]. The proof is complete. O
Select a pair of Schwartz functions ® and % such that
suppFP® C {£ € R" : [£] <2} and |FP(E)|>c >0, (4)
if [¢] < 2 and
1
suppFY C{E €R™: 5 < ¢ <2} and |FY(§)] 2 ¢ >0, ()

if 2 <|¢] <2, where ¢ > 0.
Now, we define the spaces under consideration.

Definition 2.12. Let a,s € R,0 < p, ¢, 8 < 0o, ® and v satisfy (4) and (5), respectively and we put 9y, = 25" (2%.), k €
N.
(i) The Herz-type Besov space K;"fo, is defined to be the set of all f € S’(R") such that

s 1/
1 ligamy = (sz s lga) < o0,

where 1) is replaced by ®, with the obvious modification if 8 = oco.
(ii) Let 0 < p, ¢ < oo. The Herz-type Triebel-Lizorkin space Kp'?Fj is defined to be the set of all f € S'(R™) such that

HfHKaqu—H( 32 ) <o

Ky
where 1) is replaced by ®, with the obvious modification if 8 = co.

Let s € R, 0 < p<ooand0< < oo. Using the system {9 }ren, we can define the quasi-norms

115 | (ZWW )"

and

- /8
HfHF;ﬁ :H(szsﬂhﬁk*ﬂﬁ)l ||p, 0<p<oo.

The Besov space By 5 consist of all distributions f € §'(R™) for which Hf” < o0o. The Triebel-Lizorkin space F}; g

consist of all distributions f € S&'(R™) < oo. Itis Well—known that these spaces do not depend on the

choice of the system {9 }ren, (up to equivalence of quési—norms). Further details on the classical theory of these spaces
can be found in [33] and |
One recognizes immediately that if o = 0 and p = ¢, then

~0,p s __ s -0,p s s
K,"Bs =B,z and K, Fg=Fjg.

Moreover, for p = g we re-obtain the Besov-Triebel-Lizorkin spaces of power weight; we refer, in particular, to the papers
[6].

Remark 2.13. Let s € R,0 < p < 00,0 < ¢ £ o0 and a > —n. The spaces K;"qu and K;”Fg are independent of
the choices of ® and . They are quasi-Banach spaces and if p,q > 1, then they are Banach spaces. Further results,
concerning, for instance lifting properties, Fourier multiplier and local means characterizations can be found in [7]-[8]-[9],
[36] and [37]. Some applications of such function spaces in semilinear parabolic equations are given in [11].
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Let 9 be a function in S(R™) satisfying
dx)=1 for |z|<1 and J(z)=0 for |z|]> g

We put po(z) = 9(z), p1(z) = 9(%) — 9(z) and pr(z) = ¢1(27"'z) for k = 2,3, .... Then we have supppr C {z € R" :
2Pl <|z| < 3-2F"1} and

ngk(:ﬂ) =1 forall ze€R"™ (6)
k=0

The system of functions {¢x }ren, is called a smooth dyadic resolution of unity. Thus we obtain the Littlewood-Paley
decomposition

F=> Flouxf
k=0
for all f € 8’'(R™) (convergence in S'(R™)). We set

s
B

oo B l/ﬂ
1711757 = (D252 on s feon)
k=0
and

> ksB e 1/8
1355, = | (70 1)

For simplicity, in what follows, we use KZ?’QAE to denote either Kg’qBE or Kg’ng. The case p = co and/or ¢ = oo is
excluded when K. » 1A% means Kg7F5. In [20, Theorem 3.1] the author develop the Littlewood-Paley characterization of
function spaces by introducing a new class of function spaces. By Theorem 3.1 of [20] we deduce the following properties
of the spaces Kg“qug.

Theorem 2.14. Let s e R,0 < p,qg < 00,0 < < o0 and a > —%. A tempered distribution f belongs to ['(I?’QAE if and
only if
©0,%1
£ KA < o0.

Furthermore, the quasi-norms HfHK;,"‘?A;} and ||f| ;Dg’ilAg are equivalent.
Remark 2.15. We refer the reader to [19], for useful results on the Littlewood—Paley decomposition of tempered distri-

butions.

3. Real interpolation of K]‘j’qu

In this section we determine the real interpolation of the spaces K »'1A%. We begin with recalling some classical results
on real interpolation, see e.g. [3] and [32].

Definition 3.1. Let Ay and A; be Banach spaces over K =R or C. We shall say that Ap and A; are compatible if
there is a Hausdorff topological vector space Z such that

Ao — Z and A1 — Z,
with continuous embeddings.

Let Ag and A; be compatible. We will say that (Ao, A1) is a compatible couple. Then we can form their sum Ao+ A1
and their intersection Ao N A1. The sum consists of all f € Z such that we can write

f=fo+f1
for some fy € Ao and f1 € A;. Then Ag + A; is a Banach space with norm defined by

#lgsns =, 08, (ol + 1,)
Ap N Ay is a Banach space with norm defined by
11 agra, = max ([|F]] 40 1 £]]a,)-
Let (Ao, A1) be a compatible couple. With ¢ > 0 fixed, put
Kt fido A=t (ol +e15lL) S € Aot A
is the K-functional.

Lemma 3.2. Let Ag and A1 be compatible. The functionals t — K(t, f; Ao, A1), t > 0 are equivalent norms in Ao+ A1 .
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Now, we are in position to present the definition of the spaces (Ao, A1)o,q-

Definition 3.3. Let 0 <6 <1 and 1 < g < co. Let (Ag, A1) be a compatible couple. The space (Ao, A1)g,q consists of
all fin Ap 4+ Ay for which the functional

)

Peagane, = (e )™

is finite.

Definition 3.4. Let 0 < § < 1. Let (Ao, A1) be a compatible couple. The space (Ao, A1)g,00 consists of all f in Ag+ A;
for which the functional

_ -0
”f”(AmAl)s,m o iglgt K(t f)

is finite.
We present some important properties of the spaces (Ao, A1)g,q, see [3].

Theorem 3.5. Let 0 < 0 <1 and 1 < g < oo. Let (Ao, A1) be a compatible couple of Banach spaces. Then (Ao, A1)o,q
is quasi-Banach space and we have
AgNA; — (A()7 Al)g,q — Ag + A;1.

Definition 3.6. Let (Ao, A1) and (Bo, B1) be two compatible couples of Banach spaces and let T" be a linear operator
defined on Ag + A: and taking values in Bo + Bi. T is said be admissible with respect to the couples (Ao, A1) and
(Bo, B1) if, for each ¢ = 1,0 the restriction of 7" to A; maps A; into B; and furthermore is a bounded operator from A;
into B; :

71|

<|

5, THL(Ai,Bi) fHA; feA,ie{o,1}.

The spaces (Ao, A1)s,q have the so called interpolation property. For the proof, see [32].

Theorem 3.7. Let 0 < 0 <1 and 1 < q < co. Let (Ao, A1) and (Bo, B1) be two compatible couples of Banach spaces
and let T be admissible with respect to the couples (Ao, A1) and (Bo, B1). Then

T : (Ao, A1)e,q — (Bo, B1)s,q

and e .
1Tl 20,5100, < 1Tz ca0,m) 1Tz car 5 1l g, a0

for all f € (Ao, A1)eq-

Definition 3.8. An interpolation functor is a rule F' such that
(i) F assigns to every interpolation couple (Ao, A1) a quasinormed space F'(Ag, A1) such that

AoﬂAl ‘—)F(A()7A1) ‘—>A0+A1.

(ii) If (Ao, A1) and (Bo, B1) are any two compatible couples and T is linear operator defined on Ao+ A; and taking values
in By + B1 which is admissible with respect to the couples (Ao, A1) and (Bo, B1), then T is bounded from F(Ap, A1) to
F(Bo, B1).

Definition 3.9. Let A and B be two Banach spaces. An operator R € L(A, B) is said to be a retraction if there exists
an operator S € L(B, A) such that

RoS =1 (Identity operator in L(B, B)),
holds. S is called a coretraction for R.

Theorem 3.10. Let (Ao, A1) and (Bo, B1) be two interpolation couples of Banach spaces, and assume that R 1is linear
operator defined on Ao + A1 and taking values in Bo + B1 and S is linear operator defined on By + Bi1 taking values in
Ao + A1 such that R is a retraction A; — B; with coretraction S : B; — Aj,j € {0,1}. If F is any interpolation
functor, then S is a coretraction F(Bo, B1) — F(Ao, A1) which is an isomorphism onto a closed subspace of F(Ao, A1).

For the proof we refer to [32].
As an immediate consequence of Theorem 3.10, we have the following theorem.

Theorem 3.11. 0 <0 <1 and1 < g < oo. Let (Ao, A1) and (Bo, B1) be two interpolation couples of Banach spaces,
and assume that R is linear operator defined on Ao + A1 and taking values in Bo + B1 and S is linear operator defined
on By + B taking values in Ao + A1 such that R is a retraction A; — B; with coretraction S : B — Aj,j € {0,1}.
We have

11l 50,5136, = I5F ag,a1.,
for any f € (Bo, B1)e,q-
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Proof. Let f € (Bo, B1)s,q- From Theorem 3.10, we obtain

IS ca0,a010,5 = 150,500,

Since (Ao, A1)g,q is interpolation functor, we have

HfH(BO,Bl)M = HR(S(f))”(BO,Bl)M S ||Sf||(A0,A1)91q'

The proof is complete.
To determine the real interpolation of the spaces KS"’A; we need some definitions and technical results.

Definition 3.12. Let A be a quasi-Banach spaces, 0 < ¢ < oo and a € R. Then

K®1(A) = {f cfxk € Ak € Zand |[f]| gaqa) < OO}’

and
oo

aq q 1/q
Il geacy = (D2 2 rxell?)
k=—o0

with the usual modification if ¢ = co.

Definition 3.13. Let A be a quasi-Banach spaces, 0 < ¢ < oo and o € R. Then

) = {{fidez: e € Ak e Zand £l ) < o0},

and
o0

oq g\ 14
1l = (2 2llAl)
k=—o0

with the usual modification if ¢ = co.
Remark 3.14. Let A be a quasi-Banach spaces, 0 < ¢,p < oo and a € R. We put
K% (A) = K™Y(LP(A)) and KygP(A) = LP(A).
We now recall some interpolation results for £ (A) and LP(A).

Theorem 3.15. Let A, Ao and A1 be three Banach spaces, 0 < 8 <1 and 1 < qo,q1,q < oo.
(i) If o # a1, then . . .
(Lao (A), €5} (A))o,q = £g (A),
where a = (1 — 0)ap + a1 .
(i1) If 1 < go,q1 < oo, then . . .
(Lao (A), £q, (A))o.q = €5 (A)

provide that £ = =% 4 &
q a1

q
(i) If 1 < qo,q1 < 00 , then . . .
(Lao (Ao), 5, (A1))e.q = L5 ((Ao, A1)e.q)
provide that oo = (1 — @)oo + 01 and % = % + %.
Proof. For the proof, see |3, Theorems 5.6.1-5.6.2] and [32, Theorem 1.18.2].
As an important tool of this section, we need the following theorem.

Theorem 3.16. Let Ao and Ay be two Banach ideal spaces, 0 < 0 < 1. Let 1 < qo,q1 < 00 and ap, a1 € R.
(1) If ao # a1, then ) ) )
(K0 (4), K0 (4))g,, = K™(A),
where a = (1 — 0)ap + 01 .
(i) fap=a1 =a and 1 < qo,q1 < 00, then

(K (A), K¥7 (A))o.q = K(A),

provide that X = % + %'
(i) If 1 < qo,q1 < o0 , then ’ _ .
(K909 (Ag), KV (A1))e,q = K¥%((Ao, A1)6,q),

' —(1— 1_1-0, 6
provide that o = (1 — @)oo + 01 and = ot

(iv) If 1 < po,p1 < 00 and 1 < qo, q1 < o0, then

(K3 (Ao), Ko™ (A1))o.g = K™ (L (Ao), L™ (A1))o.a),

provide that o = (1 — 0)a + O and % = % + %.
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Proof. Write (formally)
S(f) = {fxr}rez

and

R({fitrez) = > frxn

k=—o0

It is obvious that the restriction of S is a linear and bounded operator
S K“Y(A) — €5 (A).
Indeed, we have

Hs(f)Hég(A) = H{ka}’“EZHég(A)

> o 1/q
= (> 2 Iral)

k=—o00
= HfHKavq(A)
for any f € K*9(A). Moreover, it is clear by definition of the x4, k € Z that
R(S(f)) = f forall fe K“A).
Let f = {fu}rez € £5(A). We have

IR | oo ay = IRES I bez) || geaa

oo
=1 22 fexell goaca

k=—oc0

- (3 U )"
j=—0o0 =0

= ( i zjaq}lijjHZ)l/q

< (X i)

= Hszfg(A)'

Consequently, K®9(A) is a retreat of £5(A). Consequently, by Theorem 3.11, we find that

171l om0 gy, iear s canyyg , = ”Sf”(é;‘gmo),é;?<A1>>e,q

for any f € (K% (Ag), K“%(A1))g,4. Now, in case ap # a1, the formula (7) follows from Theorem 3.15/(i). The
formula (8) follows again from Theorem 3.15/(ii). Finally, the formula (9) follows by Theorem 3.15/(iii). Now, (iv)

follows by (iii), since . )
K9(A) = K™9(LP(A)).

The proof is complete.

O

Remark 3.17. We would like to mention that Theorem 3.16 is a slight variant of [1, Theorem 3.1.1.7] and [21, Theorem

3.1].
Theorem 3.18. Let Ay and Ay be two Banach spaces. Let 0 < 0 < 1,1 < g < 00,1 < po,p1 < 00 and % = % 4
then
(LP°(Ao), LP* (A0))o,q = LP(Ao), 1< po#p1 < o0
and

(L7 (Ao), L™ (A1))o,p = L"((Ao, A1)o,p), 1 < po,p1 < 00
Proof. For the proof, see [32, Theorem 1.18.6/(2) and Theorem 1.18.4].
As an immediate consequence of Theorems 3.16 and 3.18, we have the following conclusion.

Corollary 3.19. Let 0< 0 < 1,1 < qo,q1,q9 < o0 and ap, a1 € R.

(1) If ao # a1, then ) ) )
(g0 frovany, = Ko,

where 1 < p < oo and a = (1 —6)ag + fa.

(ii)) Ifao =a1 = a and 1 < go,q1 < 00, then

Q40 [rosql _ pronq
(Kp’ va )G,q—Kp77

0
p1’
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provide that % = % + %'
(iii) If 1 <po #p1 < o0 and 1 < go,q1 < 00 , then

(Kgoo,qo’Kglhm)aq — Ka,q(Lzmq)7

provide that o = (1 — 0)ag + s,
1 1-6 6 1 1-6 6
- = +— and - = + —.
p Po p1 q qo0 q1

In particular
(Kgoquo’ Kgll’m)f?,q = an’qa
i — (1 — 1_1-6, 6 _ 1-6 , 6
provide that o = (1 = 0)aw + 0o and ; = =5+ & = = + -

The first main result of this section is the following theorem.

Theorem 3.20. Let 0 <6 < 1. Let 1 <p<00,1<qo,q1 <00,1< Po,pB1,8 <o and ap, a1, 80,51 € R, with

n n n n
—— <ap<n—— and — —<ai<n-——.
Po Po p1 p1

(i) Let 3 = 452 + 4-,1 < Bo, B < 00,00 # a1
s=(1—-0)so+0s1 and a=(1-0)ao+ bai.

Then
(K;O’QOB;‘;, Kgl,rn Blsﬁ Yo.q = I‘(g,qB;
hold in the sense of equivalent norms.
(i) Let —% <a<n-— %,so # 51 and s = (1 —0)so + 0s1. Then
(K BR, K" Bg)o.s = K> B (10)
hold in the sense of equivalent norms.
(iii) Let 1 < qo,q1, Bo, 1 < 00 < 00,58 = (1 — 0)so + Os1,
1 1-6 0 1-60 6

a  Bo +E: qo +q71' (1)

Then

(Kga‘ZOB;g7 K;;‘H Bgi)e’q — Kga‘IB;

hold in the sense of equivalent norms.
(iv) Let 1 < qo,q1, 80,81 < 00 and (11). Then

(K™ By, K5 B3, o = K5 1By
(v) Let g # 1,1 < Bo, f1 < 00, = (1 — O)awo + O and % = 16;09 + B%' Then

(K52 Bhy, Kg " Bj, )o.q = K7 B
hold in the sense of equivalent norms.

Proof. Let {¢k }ren, denote the smooth dyadic decomposition of unity, see (6). We define an associated system {@x } ke,
b
Y Po=wo+p1 and @i = pr—1+ Y+ Yr+1, k € No.
By using the properties of @5 we have
Pk = pr, k€ No. (12)
For f € §'(R™) we put
S(F) =AF "o fhreno:

For a sequence {gk}ren, C S'(R™) we define (formally)
R({gx}ren,) = Z}“l@k *gr (convergence in S'(R")).
k=0

It is obvious that the restriction of S is a linear and bounded operator from Kg"qBE to E;(Kg“q). Let K € No,1 <p <
00,1 < g < oo and —% <a<n-— %. Again, by using the properties of ¢, and Lemma 2.6 we have

177 G0 w9l g S (1M 98] | g o

< ol
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whenever {gi }ren, C KS“‘Z. This together with Remark 2.2 yields that R is a linear and bounded operator from ffg(Kg"q)
to K;"fo;. Moreover, it is clear by (12) that

R(S(f))=f forall fec KB}

Consequently2 the operators.S and R have the properties:
eS¢ L(KS‘““B;Z,E;Z_ (Kp»%)), i € {0,1}
e Re L(é;ii (K;'i’Qi),Kgi’q'iBZi), i€ {0,1}
e R(S(f))=f forall fe KB i€ {0,1}.
Therefore, by Theorem 3.11, we obtain

~
~

HfH(KgMOB;g,Kgb%B HSfH(e;g(kgO‘qOm;ll (Ep11))g,q

s
311)9,11

for any f € (K;"“"IUB;‘S,KSI’QIBgll)g,q. Theorem 3.15/(iii) and Corollary 3.19/(i) yield

HSfH(z_i;%(K;’U*‘IO),zgll(K{,’l"‘“))e,q ~ HSf £ (K090 kpl-9y, o)

~ s

(K7

~ HfHKg*qu‘
This prove (i). By the same arguments as used in proof of (i) we obtain
”f”(;egvmgg,kgﬂggll)w ~ HSfH(e;%(k;vQ),e;ll<1‘<gﬂ>>w
for any f € (K;”qug,Kg’qull)g,g. Theorems 3.15/(1) yields

~
=~

158 e g . oo 157

5 (K ?)
ST
For (iii)-(v), we repeat the arguments used in (i)-(ii). This completes the proof of the theorem. O

Remark 3.21. Using the same arguments of [33, Theorem 2.4.2], (10) can be extended to 0 < p < 00,0 < go,q1 < ©©
and 0 < ﬂU?ﬂhﬂ S oo

For the Herz-type Triebel-Lizorkin spaces we obtain the following statement.

Theorem 3.22. Let 0 < 0 < 1. Let 1 < po,p1,p < 00,1 < q,q0,q1 < 00,1 < Po, B1,B < oo and ao, a1, 80,81, € R,
with

n n n n
—— <a<n—— and — —<a<n——.
Po Ppo b1 p1
(i) Let ap # a1 and
a=(1-0)ap + bay. (13)
Then ) ) )
(Kp® ™ F, Kyt F)o,q = Kp ' F
hold in the sense of equivalent norms.
(ii) Let =% <a<n— 2, e s
== + . (14)

q q0 q1
Then ) ) )
(K B3 K3 Fio.g = K3 'F
hold in the sense of equivalent norms.
(iii) Let 1 < qo,q1 < 00, 80 # s1,8 = (1 — 0)so + Os1,

Po D1

1 1-6 0
= +

and (13)-(14). Then ) ) )
(Kpy O Fg) K" Fgl)o,q = K 1F]

hold in the sense of equivalent norms.

(iv) Let 1 < Bo, 1 < o0,

q Po - Bo B1

1 1-6 6 1-9 6
+ +

and (13)-(14). Then ' . .
(Kgoo,qugo’ K;f’(h F,§1 )941 = K;’QF;

hold in the sense of equivalent norms.
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Proof. Let R and S be as in the proof of Theorem 3.20. It is clear that S is a linear and bounded operator from Kl‘f"ng
to K“’Q(Lp(ﬁfg)). Let k€eNp,1 <p<o0,1<f<00,1<g<00and —% <a<n-— %. Recall that

|F ™ 3+ F~ on + gi| S M(gr),

whenever {gx}ren, C Lioc(R™). Lemma 2.5 yields R is a linear and bounded operator from Ko"q(Lp(Ef;)) to K;“’ng.
Again, by (12) we have that

R(S(f))=f forall feKyIF;.

Consequently, the operators S and R have the properties:
o € LK U Fg, K*on (L2 (43))), i € {0,1}
e R L(K“%(LP(43)), Ky F5), i € {0,1}
e R(S(f)) = f forall fe Kgi%Fs,ie{0,1}.

By Theorem 3.11, we obtain

Hng(“O qOFg Kyt qlp*)g q ” fH(KO‘O 290 (LP(£5)), K191 (LP(£5))g,4

for any f € (K509 F3, K&V F5)g,q. Theorem 3.16/(i) yields
1551l iemorao o esyy iewran oo, = 155 | kegoaces)
~ 1l gnny
This proves (i). For (ii), we get
.11 RSP F{ PO
for any f € (K3 F5, K" F§)g,q, where we used Theorem 3.16/(ii). Similarly, we obtain
HfH(KQO 90 30 Ky, ’|SfH<Ka0,q0(Lp0 (€50)), K191 (LP1 (651 ))g

~ “Sf||1‘<a>q<<mo<f*"0LLPl(e;ll))e,q)

~ HSfHKa LI((LG2 L5 )e,q))
~ “SfHK;“?(eg)

~ £l oo
K 9Fg

for any f € (K"‘O OFRe, K"‘l " F3!)o,q- The proof of (iv) follows by the same arguments. O

Before going to formulate more general real interpolation of Herz-Besov spaces, we need some preparation.

Definition 3.23. Let {¢k }ren, be a resolutions of unity. Let s,a € R,0 < p < 00,0 <7 < oo and 0 < 3,¢ < oco.
(i) The Herz-type Lorentz Besov space K, Y Bj is defined to be the set of all f € S’(R") such that

1/8
I gms = (217 e lige) ™ <0

with the obvious modification if 8 = oo. )
(ii) Let 0 < p, ¢, < oo. The Herz-type Lorentz Triebel-Lizorkin space K Fj is defined to be the set of all f € S'(R")
such that

ks
1] g H(zz Pt f9) |, < oo
Kp'r
with the obvious modification if 8 = oco.
For simplicity, in what follows, we use K“’qAB to denote either K “IBj or Kg,?FE

Theorem 3.24. Lets e R,0 < p < 00,0 < B,7,q < 00 and o > —%. The definition of the spaces Kgi‘,‘?Afg is independent
of the choices of the partition of unity {pk }ren, -

Proof. The proof follows by Theorem 2.11. O

Now we are in position to prove the following result.
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Theorem 3.25. Let 0 < 0 < 1. Let 1 <po #p1 < 00,1 < qo,q1 < o0,1 < P, f1,B < oo and oo, ai, so,s1 € R, with

n n n n
—— <ay<n—— and ——<a1<n——.
Po Po p1 p1
Assume that . -y 0 ) -y 0
a=(1-0)ao+ 01, == 4+ 2 and -=—24 —.
q q0 q1 p Po p1

(i) We have

(KSOMOFE’ K;rll,ql Fg')e,q — K;ngg

hold in the sense of equivalent norms.
(i) Let % = % + % and s = (1 — 0)so + 0s1. Then

Q0,90 RS0 [rA1,41 RS1 _ 15a ps
(Kpo B Km Bﬁl)G,q—K Bq

Bo? P,q

hold in the sense of equivalent norms.

Proof. Let R and S be as in the proof of Theorem 3.20. By Theorem 3.11, we obtain

~
~

||f||(K§(?’q0Fg,K§01*q1 F5)a,q HSfH(kao,qo(Lpo (£5)), K191 (LP1(£5))g 4

for any f € (K’;‘O“"IUFBS, K;“J"“Fg)g’q. From Theorems 3.16 and 3.18, we obtain

HSfH(K“()v‘IO(LPO(Z‘E)),K"‘I’(II(LPI(Z%))grq ~ HSfHKO‘xQ((LPO(Z‘E),LPI(Z%))grq)
~ HSfHka,q(Lp-,q(zg))

gy

This prove (i). Similarly, we obtain

~
H H 200,40 250 1,91 251 NHS H S0 (F©0:90 pS1 (Fe®1,41
f (Kpd 0 B30 Kol ™ By f (€30 (R ™) 05k (K1)

for any f € (KS‘OU’QUB;?), Kg‘ol’qlBZi)qu. By Theorems 3.15 and 3.16, we obtain

HSfH(EZ%(Kgg’qO),Ele(Kgll'ql))qu ~ HSf

~ |57

(RS0 K1) 4)

€3 (FCoa (L))

1Lk

This completes the proof. O

3.1. Complex interpolation of K;"qu

In this section we establish the complex interpolation of Herz-type Besov spaces. First, we need some preparations.

Definition 3.26. Let (Ao, A1) be an interpolation couple of quasi-Banach spaces, i.e., 4;, 7 = 0,1, are continuously
imbedded in a larger Hausdorff topological vector space, and XoN X is dense in A;,j = 0, 1. In addition, let Ao+ A1 be
analytically convex. Define F as the space of bounded analytic functions f : A — Ag + A1, which extend continuously
to the closure A, such that the traces t — f(j + it) are bounded continuous functions into A;,j = 0,1. We endow F
with the quasi-norm

11 = ma (sup |70, sup 11 + 0], ).
Further, we define the complex interpolation space
[Ag, A1]lo = {z € Ao+ A1 : x = f(0) for some f € F}, 0<0<1

and

HxH[AO,Al]e =inf {||f||: f€F, f(0) =z}
Remark 3.27. Let (Xo, X1) be an interpolation couple of quasi-Banach spaces. We have

AoNA; — [Ao,Al]e — Ao + Ai,

see [3].

Also, the spaces [Ag, A1]o have the so called interpolation property.
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Theorem 3.28. Let 0 < 0 < 1. Let (Ao, A1) and (Bo, B1) be two compatible couples of Banach spaces and let T be
admissible with respect to the couples (Ao, A1) and (Bo, B1). Then

T : [Ao, A1]le — [Bo, Bi]e

and
1-9

[arg P oo [ [P | P
for all f € [Ao, Aile.

Proof. For the proof, see [3, Theorem 4.1.2]. O
As an important tool of this section, we need the following two theorems.

Theorem 3.29. 0 < 0 < 1. Let (Ao, A1) and (Bo, B1) be two interpolation couples of Banach spaces, and assume that
R is linear operator defined on Ao+ A1 and taking values in Bo + B1 and S is linear operator defined on Bo+ B1 taking
values in Ag + A1 such that R is a retraction A; — Bj with coretraction S : B; — Aj,j € {0,1}. We have
11l 20,2010 = 15F g 01,
for any f € [Bo, Bils.
Remark 3.30. Further details on the theory of interpolation can be found in [3] and [32].
Theorem 3.31. Let Ao and Ay be two Banach spaces. Let 0 <0 < 1,1 < qp < 00,1 < q1 <00 and
1 1-6 0

q o @
(i) Let « = (1 — O)ag + Ocr. Then ' ' '
[zqa(;) (A0)7£?11 (Al)b = éqa([A07A1]9)'
(ii) Let 1 < qo,q1 < oo. Then
[L%(Ao), L* (A1)l = L ([Ao, A1]o).

Proof. For the proof, see [3] and [32, Theorems 1.18.1 and 1.18.4]. O
Based on Theorems 3.29-3.31 one derives the following.

Theorem 3.32. Let Ao and Ai be two Banach ideal spaces, 0 < 0 < 1. Let 1 < qo < 00,1 < 1 <00 and ap, a1 € R,

a=(1-0)ap+60ar and 1: 1_9—1—2.
q q0 q1

(i) We have . . .
[Kaquo (AO)’KQIJH (A1)]e = KU‘»‘Z([AO,Al]@)a

(i) If 1 < po,p1 < o0, then _ ‘ .
(K50 (Aa), K52 (Ao = K™9(LP([Ao, Arlo)-
0

i 1 _1-6 , 6 ;
provided that 5= 90 t o In particular . . -
[Kpg 0, Kp "o = K7,

Proof. Let R and S be as in the proof of Theorem 3.16. By Theorem 3.29, we find that

HfH[K”‘O,‘IO(AO),K"‘qu (AD)]e ~ ”SfH[égg(A(J),é;‘ll(Al)]g
for any f € [K®0:9(Ap), K9 (A;)]s. Using Theorem 3.31, we obtain

£l 000 (ay, e san caygy = ”SfHégqu,Aﬂe) R ll ka0, st
This prove (i). Now, (ii) follows by (i). The proof is complete. O
After these preparations we are ready to present the main result of this section.

Theorem 3.33. Let 0 < 0 < 1. Let 1 < po,p1 < 00,1 < qo,q1 < 00,1 < fo <o00,1 < B < o0 and oo, i, 50,51 € R,

; n _n _n _n
with oo <o <m— - and oy <1 <n pl.Weput

1 1-0 0
— = 4+ d s=(1-0)so+0s1.
3 7o B and s = ( )so0 S1

1 _1-6 4, 6 1 _1-60 4 60 — _
Let;f et = T o and a = (1 — 0)ao + Oar. Then

[KEOO’qOBZg, Korm B3]y = KS'B3
hold in the sense of equivalent norms.

Proof. The proof is similar as in Theorem 3.20, but now one has to use Theorems 3.31 and 3.32. O
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4. Application

In this section we present an application of Theorem 3.22. More precisely, we present a simple alternative proof of
Sobolev embeddings in Herz-type Triebel-Lizorkin spaces K;"ngl, seR,1<p,g<o0,1<fB<00and as > a;1. Such
embeddings are given in [8]. We begin by the following statement which can be found in [5], that plays an essential role
later on.

Lemma 4.1. Let real numbers s1 < so be given, and 0 < 0 < 1. For 0 < g < 0o there is ¢ > 0 such that

> ) 1/q . .
(Z 9(oso+(1=0)s1)qj |aj|q) <c sup (2501 |aj|)a sup (2513 |a]- Dl—fr
j=0 j€Ng j€Ng

holds for all complex sequences {2S°jaj} in Loo with the usual modification if ¢ = cc.

J€No
We are ready to prove the following statement.

Theorem 4.2. Let a1,a2,51,82 € R, 1 < s5,7,p,q < 00,1 <B,0 <00, —% <1 <n-—7% and f% <ay <n-— %. We

suppose that

n n
S1— — — Q1 = S22 — — — Q2.
S
Let 1 < qg<s<ooandaz > ar. Then ) )
K2 Fp? %K?l‘ngl, (15)
if and only if 1 <r <p < oco.
Proof. The necessity of 1 < r < p < co was proved in [8]. We decompose the proof into two steps.
Step 1. We will prove that ) )
K{*Fg? — KJVPFY. (16)
This embedding was proved in [25]. For the convenience of the reader we present the proof. We set
o+ 2 - (1-
op=1-— ! 2 and o¢3=w7 oo <o <1.
a2 —+ E (o2

Obviously, 0 < 0o < 1 and a1 = gas + (1 — 0)ae. We set

1 l—0 o
i + =,
s q v

Note that 1 < ¢ < s < oo implies v > s. Since 0o < o, we have az > —=. Let further s3 be defined by
n n
S3 = —+a3+s1 —— — Q1.
v s

Observe that s3 < s1. These guarantee that
KJVPFPY — KJVP Bt < K3 By — K3 F33.

Let f € ng,ngsz. By Lemma 4.1, s1 = 0s3 + (1 — 0)s2 and Holder’s inequality, we obtain

l—0o o
- < || £l | £l e pec
£l gore mer < N F Il o2 gz || £ oo s

l1—0o o
S F e a sz [l Zeoa e o -

This leads to (16).
Step 2. We prove (15). Since o < mn — %7 we have oy < 81 — 82 +n — % Let oz?,o& be such that

0 1 n
o <o <oy <81 —8+n——
S

and of > —%. Write
o] = Ula(l) +(1- al)a%, 0<o1 <1

We put
n n .
a?:3276731+g+04;, i€ {0,1}.

Since 51 — = < 82 — %, we have o > aj > - > ,%72‘ € {0,1} and
0 1
as =o1as + (1 —o1)as.

In addition a? < n — %,i € {0,1}. Then we have

K2 F2 o KSVFS, ie {01}
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By interpolation, we get
00, sy -3 s saf,s sy p-al.s sy
(Kq? Fg?, Kg? Fg?)oy r = (K FRY KV F g oy
« A0 .1
o (KSVTFS KSV FS ) oy

By Theorem 3.22/(i), we get
Rg» By = (Ry U K F )
and . . 0 .1
K?”’Fgl = (K?l’ngl,Kgl’ngl)cl,p.
This yields the desired estimate. The proof is complete. (|

Remark 4.3. The method given in Theorem 4.2 is also valid to prove some other Sobolev embeddings, see e.g. [25].
Indeed, let F;(L?") be the Lorentz-Triebel-Lizorkin spaces, see [32, 2.4.2]. Let 0 < po,p1 < oo and 0 < qo, q1, 70,71 < 00.
In [29] the authors proved that

F;OO (LPOWO) 3N F;11 (Lplﬂ‘l) (17)

holds if and only if one of the following four conditions is satisfied.

(%?80—51>%—ﬁ>0.

(i) so > s1,p0 = p1,70 < 71

—n

(%11) S0 =81 = g& = or > 0,70 <7y.

(iv) so = s1,p0 = p1,70 < 71,90 < qi-

In the case of 1 < po,p1 < o0 and 1 < qo, q1,70,71 < 00, we present an alternative proof of (iii). Indeed, let 3, pé be

such that
1 1-0

po P

+2, 0<o<l.
Po

We set n n
7_:3178041,7_7 ’LE 0,1
Pi o 0.1}
Then pj < pi,i € {0,1} and
P el ie{0,1},

p§-0 piq
see [33]. By interpolation, we get
S0 S0 s1 s
— (F
( pY»d0 pl,qo)o o ( rY.q1’ " pi q1)a ro

S1 S1
- (Fp?m ’ Fp}m)c’rl'
By [32, Theorem 2.4.2/1], we get
Fog (LP070) = (F8 S FY o

pY,q0° " pda0

and
S1 P1:T1\ __ S1 51
Foi (L )= (Fp?,q1’Fp},Q1)”’”'
This yields the desired embeddings (17) under the assumption so — s1 = % — ﬁ > 0,79 < 7r1.
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