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We study a mathematical model for a quasistatic behavior of electro-viscoelastic materials. The problem
is related to highly nonlinear and non-smooth phenomena like contact, friction and normal compliance
with wear. Then, a fully discrete scheme is introduced based on the finite element method to approzimate
the spatial variable and the backward Fuler scheme to discretize the time derivatives. For a numerical
scheme, we prove the existence and uniqueness of the solutions, and derive optimal order error estimates
under certain regularity assumption on the solution of the continuous problem.
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1. Introduction

The piezoelectric effect is characterized by the coupling between the mechanical and electrical behavior of
the materials. It consists of the appearance of electric charges on the surfaces of some crystals after their
deformation. Conversely, experiments have shown that the action of an electric field on the crystals can generate
stresses and deformations. A deformable material which presents such a behavior is called a piezoelectric
material. Piezoelectric materials are used extensively as switches and actuators in many engineering systems,
in radioelectronics, electroacoustics and measuring equipments. However, there are very few mathematical
results concerning contact problems involving piezoelectric materials and therefore there is a need to extend
the results on models for contact with deformable bodies which include coupling between mechanical and
electrical properties. General models for elastic materials with piezoelectric effects can be found in Batra and
Yang, 1995 and Ikeda, 1996. In Moumen and Rebiai, 2024 | the authors examine a transmission system of
the Schrédinger equation with Neumann feedback control, which includes a time-varying delay term and acts
on the exterior boundary. They utilize an appropriate energy function and a suitable Lyapunov functional.
The authors of Acil et al., 2024 demonstrate the system’s robustness, stability, and ability to respond to fast
changes, making it a promising solution for efficient energy management in hybrid PV-battery systems. A
static frictional contact problem for electric-elastic materials was considered in Maceri and Bisegna, 1998 and
Migorski, 2006. Contact problems with friction or adhesion for electro-viscoelastic materials were studied in
Selmani and Selmani, 2010 and Lerguet et al., 2007 and recently in Migdrski et al., 2011 in the case of an
electrically conductive foundation.
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In this paper we consider a mathematical model for the process of contact with normal compliance and
friction contact conditions when the wear of the contact surface due to friction is taken into account. The
foundation is assumed to move steadily and only sliding contact takes places. The material is electro-viscoelastic
with long memory, defined by a relaxation operator.

This work constitutes in some sense a continuation paper of the results obtained in Selmani, . The
work in Selmani, has been devoted to a qualitative results like existence and uniqueness result of weak
solutions on displacement, electric potential and wear fields have been proved but no numerical approximations
have been performed. Here we follow the latter work and propose a numerical scheme for the approximation
of the solution fields so as to elaborate a general numerical analysis of error estimates.

The main goal of this work is to formulate an approximate solution of our problem, which can quickly
converge to the exact solution. For that, this work is organized as follows. In Section 3 we give a short
description of the mathematical model and recall the main existence and uniqueness result. In Section 4, For
the numerical scheme, we prove the existence and uniqueness of the solutions. Finally, in Section 5, we derive
optimal-order error estimates under certain regularity assumptions on the solution of the continuous problem.

2. Notation and preliminaries

In this section we present the notation we shall use and some preliminary material. We denote by S? the space
of second order symmetric tensors on R? (d = 2,3), while ”.” and | . | will represent the inner product and
the Euclidean norm on S¢ and R%. Let Q C R? be a bounded domain with a Lipschitz boundary I' and let v
denote the unit outer normal on I". Everywhere in the sequel the index i and j run from 1 to d, summation over
repeated indices is implied and the index that follows a comma represents the partial derivative with respect to
the corresponding component of the independent spatial variable. We use the standard notation for Lebesgue
and Sobolev spaces associated to (2 and I' and introduce the spaces:

H = {u=(u) / u € LQ)},

H={o=(0y) /oy =05 € L*(D},
Hy ={u=(u) / e(u) € H},
Hy={oceH / Dive € H}.

Here € and Div are the deformation and divergence operators, respectively, defined by

e(u) = (ei5(u)), e€ij(w) = 5 (uij +ujq), Dive = (0, ;).

A subscript that follows a comma indicates a partial derivative with respect to the corresponding spatial
variable, e.g., u; j = Ou;/0x;.
The spaces H, H, H1 and H; are real Hilbert spaces endowed with the canonical inner products given by

(u,v)g = / u;v; de,
Q

(o, T)n = / 045Tij dz,
Q

(w,v)i, = (w,v)m + (e(u), &(v))n,

(,7)3, = (6,7)y + (Dive, DivT)p .

The associated norms on the spaces H, H, Hy and H; are denoted by |.[;;, |.|5, , [-|57, and [.[;,, respectively.
For every element v € H; we also use the notation v for the trace of v on I' and we denote by v, and v, the
normal and the tangential components of v on I' given by

UV, = V.V, Vy =V — U, V. (2.1)

We also denote by o, and o, the normal and the tangential traces of a function o € H;, we recall that when
o is a regular function then
o, = (ov)w, o, =ov —o,v, (2.2)

and the following Green’s formula holds:

(o,e(v))y + (Divo,v)g = /Fav.vda Vv e H. (2.3)
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Let T > 0. For every real Banach space X we use the notation C'(0,7T;X) and C'(0,T; X) for the space of
continuous and continuously differentiable functions from [0, 7] to X, respectively. We use dots for derivatives
with respect to the time variable ¢.

The space C(0,T; X) is a real Banach space with the norm

= t
‘f|C(0,T;X) tgf&)%] [f( )|X

while C1(0,T; X) is a real Banach space with the norm

o= 5 1O+ g )
[flerorix) Rt £ (®)lx + max, f@)

e
Finally, for k£ € N and p € [1,00], we use the standard notation for the Lebesgue spaces L?(0,T; X) and for
the Sobolev spaces Wk’p(O,T; X). Moreover, if X; and X5 are real Hilbert spaces then X; x X5 denotes the

product Hilbert space endowed with the canonical inner product (.,.)x, xx,-

3. Statement of the problem

An electro-viscoelastic body with long memory occupies a bounded domain Q@ C R? (d = 2,3) with outer
Lipschitz surface I'. The body is subjected to the action of body forces of density f, and volume electric charges
of density go. It is also constrained mechanically and electrically on the boundary. We consider a partition of
T" into three disjoint measurable subsets I'y, I'y and I's, on one hand, and on two disjoint measurable subsets
I, and T, on the other hand, such that meas (I'1) > 0, meas (I'y) > 0 and I's C T'y. Let 7' > 0 and let [0, T
be the time interval of interest. The body is clamped on I'y, so the displacement field vanishes there. Surface
tractions of density f, act on I's. We also assume that the electrical potential vanishes on I', and a surface
free electrical charge of density o is prescribed on I'y. In the reference configuration, the body may come in
contact over I'3 with a conductive obstacle, which is also called the foundation. The contact is frictional and
is modeled with normal compliance, taking into account the wear of the contact surfaces. The foundation is
assumed to move steadily and only sliding contact takes places. We suppose that the body forces and tractions
vary slowly in time, and therefore, the accelerations in the system may be neglected.

We are interested in the evolution of the deformation of the body and of the electric potential on the
time interval [0,7]. The process is assumed to be isothermal, electrically static, i.e., all radiation effects
are neglected, and mechanically quasistatic, i.e., the inertial terms in the momentum balance equations are
neglected. To simplify the notation, we do not indicate explicitely the dependence of various functions on the
variables @ € QUT and t € [0,T]. Then, the classical formulation of the mechanical problem of sliding frictional
contact problem with normal compliance and wear may be stated as follows.

Problem P. Find a displacement field u : Q x [0,T] — R, a stress field o : Q x [0,T] — S?, an electric
potential field ¢ : Q x [0,T] — R, an electric displacement field D : Q x [0,T] — R¢ and a wear function
¢:T3 x[0,T] = R such that

o (t) = Ae(a(t)) + Fle(u(t)) + /0 M(t— s)e(u(s)) ds (3.1)

+E*Vep(t) in Q x (0,7),
D =E&e(u)— BVy in Qx(0,T), (3.2)
Dive + f, =0 in Qx (0,T), (3.3)
divD = qo in Q x (0,T), (3.4)
u =0 on Iy x (0,7), (3.5)
ov =f, on Ty x(0,T), (3.6)

_UV:pu(uu_g_C)a

|0'7—|:p7—(uu_ _C ;
or = <At — v7), A >0, on T's x (0,7), (3.7
¢ = —kov*oy,
w=0o0n I'y x(0,T), (3.8)
Dwv =g on T}, x(0,T), (3.9

u(0) = up, ¢(0) =0 in Q. (3.10)
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Here, equations (3.1) — (3.2) represent the constitutive law for a piezoelectric material with long memory
where A and F are nonlinear operators describing the purely viscous and the elastic properties of the material,
respectively, and M is a relaxation fourth order tensor. E(yp) = —V is the electric field, € = (e;;x) represents
the third order piezoelectric tensor, £*is its transposed and B denotes the electric permittivity tensor. Equations
(3.3) and (3.4) represent the equilibrium equations for the stress and electric-displacement fields. Equations (3.5)
and (3.6) are the displacement-traction boundary conditions, respectively. (3.7) represents the condition with
normal compliance, friction and wear where g represents the initial gap between the body and the foundation,
ko > 0 is a wear coefficient and v* is the tangential velocity of the foundation such that v* = |v*|. Equations
(3.8) and (3.9) represent the electric boundary conditions. In (3.10) ug is the given initial displacement and
¢(0) = 0 means that at the initial moment the body is not subject to any prior wear.

To obtain a variational formulation of the problem (3.1) — (3.10) we introduce the closed subspace of H;
defined by

V={veH /v=0onTy}.

Since meas(I';) > 0, Korn’s inequality holds and there exists a constant ¢; > 0 which depends only on  and
I'; such that
le(vly > ek |vly, Vv eV

On the space V we consider the inner product and the associated norm given by

(u,v)y = (e(u),e(v))n, |v], =le(v]y Yu,veV. (3.11)

It follows from Korn’s inequality that [.|;; and [.[;, are equivalent norms on V. Therefore (V,[.|;,) is a real
Hilbert space. Moreover, by the Sobolev’s trace theorem and (3.11), there exists a constant ¢y > 0, depending
only on Q, I'y and I'g such that

[V 2 pyye < co|vly YU EV. (3.12)

We also introduce the spaces.
W:{¢€H1(Q)/¢:00nFa},
W ={D=(D;) / D; € L*(Q), divD € L*(Q)},
where divD = (D; ;). The spaces W and W are real Hilbert spaces with the inner products given by

(¢, P)w = /QVsO-WS de, (3.13)

(D, E)y = / D.E dac+/ divD.divE dz. (3.14)
Q Q

The associated norms will be denoted by |.|;, and |.|,,,, respectively. Moreover, when D € W is a regular
function, the following Green’s type formula holds:

(D, Vo) + (divD, ¢) 2y = / D.v ¢da Vo € H'(Q).
r
Notice also that, since meas(I'y) > 0, the following Friedrichs-Poincaré inequality holds:

IVoly = cr |l Vo €W, (3.15)

where cp > 0 is a constant which depends only on @ and I',. It fallows from (3.15) that |.[; ) and |.[y; are
equivalent norms on W and therfore (W, |.|;,) is a real Hilbert space. Moreover, by the Sobolev’s trace theorem
and (3.13), there exists a constant ag > 0, depending only on 2, I'; and I's such that

|9l r2(r,) < aoldly Vo eW. (3.16)

In the study of the mechanical problem (3.1) — (3.10), we make the following assumptions. Assume that the
operators A, F, £, B and the functions p, (r = v, 7) satisfy the following conditions with L4, ma, Lz, L, and
m, being positive constants:

(a) A: QxS — S?

(b) |A(z,e1) — Az, €2)| < Laler — &2
Vei,e0 € S%, ae. x € Q.

(c) (A(m,e1) — A(x,e2)).(e1 — €2) > m s le1 — €|
Vei,e0 €S%, ae. x €.

(d) The mapping * — A(x, ) is Lebesgue
measurable in  for any e € S%.

(e) x > A(x,0) € H.

(3.17)
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(a) F: Qx84 — 84

(b) [F(x,e1) — F(wm,e2)| < Lr |e1 — &2
Vei,e0 € ST ae. x € Q.

(¢) The mapping & — F(x, €) is Lebesgue
measurable on (2 for any € € S%.

(d) € — F(x,0) € H.

(3.18)

(a) £:Q x ST — R
VL) e ca 1
(c) eiji = eir; € L(K).

(a) B:(bij)SQXRd*)Rd
(b) B(x)E = (bi;(x)E;)
VE = (E;) € RY, ae. x €.
(C) bij = bji7 bij S LOO(Q)
(d) BE.E > mp|E|
VE = (E;) € R% ae. x €.

(3.20)

(a) pr: T3 xR >Ry (r=v,71)
(b) [pr(x, 1) — pr(®, a2)| < Ly [ — az|
Vai,as € R, a.e. x € I's.
(¢) Ipr(z, )] <m, Ya €R, p.p. ® €T3, (3.21)
(d) The mapping * — p.(x, «) is Lebesgue
measurable on I's for any o € R.
(e) € — p.(x,0) € L? (T3).

The relaxation tensor M satisfies
MeC0,T;Hoo), (3.22)

where H o, is the space of fourth order tensor field given by
Hoo ={E = (Eijit) |/ Bijui = Ejirt = Epii; € L™ (), 1 <4,5,k,1 < d},

which is a real Banach space with the norm

Bl = D Bimilpga)-
1<d,j,k,1<d

The density of volume forces, traction, volume electric charges and surface electric charges have the regularity

fo € C(0,T; H), fy € C(0,T;L*(T5)%), (3.23)
qo € C(0,T; L*(Q)), g2 € C(0,T; L3(Ty)). (3.24)
g2 =0o0nT3Vtel0,T]. (3.25)

We assume that the gap function g and the initial displacement field wg satisfy
g€ L*(T'3), g>0 ae xcTs. (3.26)

uy € V. (3.27)
We define the three mappings f : [0,7] — V, ¢ : [0,7] — W and j : V x V x L?(I'3) — R, respectively, by

(F(8), v)y = /Q foltywds+ [ f(0).vde, (3.28)
(a(t), D) = /Q 4o(t) bz — /F g>(t)bda. (3.29)
j(u,v, ) = /F pv(uy —9— C )Uuda (330)

+/ pr(ty — g —C ) oy —v*| da,
I's
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for all u,v € V, ¢ € L*(I'3) and t € [0,T]. The functional j: V x V x L?(I's) — R satisfies

For all w € V and ¢ € L?(T'3), v — j(u,v,()
is proper, convex and lower semicontinuous on V.

We note that condition (3.23) and (3.24) imply that
fecC0,1T,V), g€ C0,T;W). (3.31)

Using standard arguments we obtain the variational formulation of the mechanical problem (3.1) — (3.10).
Problem VP. Find a displacement field w : [0,T] — V, a stress field o : [0,T] — H1, an electric potential
field ¢ : [0,T] — W, an electric displacement field D : [0,T] — W and a wear function ¢ : [0,T] — L*(T3)
such that for all t € [0,T7,
¢

o(t) = Ae(a(t)) + Fe(u(t)) + [ M(t—s)e(u(s))ds + E*Vo(t), (3.32)

(o(t),e(v—a(t))n +j(ut),v, (1) — jlu(t), u(t),((t)) (3.33)
> (f(t),v—ut))y YveV,
D(t) = Ee(u(t)) — BVp(t),
(D), Vo)a = —(q(t), 9)w Yo €W,
= kov*py (uy — g — ),
u(0) = ug, ¢(0) =0,

The main result in this section is the following existence and uniqueness result (see for details Selmani, ).
Theorem 3.1. Assume that (3.17) — (3.27) hold. Then, there exists a unique solution {u,o 0, D,(} to
Problem VP. Moreover, the solution satisfies

wec CH0,T;V), (3.38)
oc C0,T;H,), (3.39)
v e C0, T, W), (3.40)
D cC(0,T;W), (3.41)
¢ € CY0,T; L*(T3)). (3.42)

4. Fully discrete approximation

In this section, we introduce a discrete numerical scheme of Problem VP. We assume that the conditions

(3.17) — (3.27) hold. Thus, it follows from Theorem 3.1 that Problem VP has a unique solution. More precisely,

we are interested in solving Problem VP over a finite time interval [0, T'], with T' > 0 arbitrary but fixed. Thus,

let N be a positive integer; we define the time step size k = % and we consider the uniform time discretization

t, = nk, 0 < n < N, where N is a sufficiently large integer. For a continuous function v(t) with values in a

function space, we write v; = v(t;), 0 < j < N. For spatial discretization, we consider a polygonal domain €.
For the discretization of the uateg]raulb7 we use the rectangle method

tjt1
/ v(s)ds = kv;.
tj

Let H" and B" be the finite element spaces of piecewise constants. The spaces H and L? (I'3) are approximated
by H" and B", respectively.
The V and W spaces are approximated respectively by the following finite element spaces:

vh = {vh e [C (@) | vtk € [P (K)* VK € Tp, v" =0 on rl},

h={eheC(Q) | ¢k P (K) VK €Ty ¢"=00nT,},

where T, is an element derived from the triangularization of Q, Py (K) is the space of polynomials of degree
smaller or equal to one on K and h refers to the spatial discretion parameter which is defined as

h= max diam(K), with diam(K) = max {|z — y|; =,y € K}.
€Th



International Journal of Applied Mathematics and Simulation. Issue.01, Volume.02, pages.01-16. Feb 2025

For all T € H, PynT is the orthogonal projection of finite elements on H”,
(P’HhT,Th)H = (T,Th)H vrh e 1.

It is convenient to introduce the velocity field
¢
v(t) = u(t) so u(t) = uo —|—/ v(s)ds,t € [0,T].
0
It follows from Theorem 3.1 that v € C(0,T;V) and for all ¢ € [0, 7], we have
o(t) = Ae(v(t) + Fe(u / M(t — 5)e(u(s))ds + E°Vp(t),

(o(t),e(v—v(t))n + j(ut),v, () —j(ut), v(t),((t))
> (ft),v—v(t))y YvevV,

Let ul € V" be a finite element approximation of uy.
The fully discrete approximation of Problem VP is the following.

Problem VP" . Find a discrete velocity ﬁeld vt = {vhk}N C VP, a discrete stress field o™ =

{O'Zk}gzo C H", a discrete electric potential @"* {gp k}n o C Wh and a dzscrete wear field ¢"* =

C B" such that
ol = Pyn Ae(vl) + Pyn Fe(ub) + Pyn £Vl

(of  e(©" — V) + jluf, v",0) — j(uf, vf,0)
> (£ (0),v" —vh)y Vol eV
(BVgi, Vo' — (Ee(ug), Vo ) u
= (q(0),¢")yw Vo' e W",

and for n > 1,
o™ =Py Ae (V) 4 Py Fe(ul® ) + Py £V ok

n—1
+E > Pan (Ry)}
j=0

VI ))ac 4 G (uit o, COF) = (ko )
> ( n,vh — vﬁk)v vol e Vh,

(BVeE Vo u — (Ee(upt ), Vo) u

= (qn. 0")w VYo" e W,

hk

n

h_

(o" e(v

¢hF = kkov* Zpy upk — g — ).
7=0

Here, we used the following notations

hk h hk h hk

h  hk _ _h hk _ b _
ug” =Ug, Uy =g, 0g° =0q, ¢ =@y and (5" = (5 = (o = 0.

We use the following discrete displacement field

hk h hk
u, :u0+k§ vt n>1,
Jj=1

We also use the notations
(Ra)}* = M(tn — ty)e(ul),
(Rn) (s) = M(t,, — s)e U(S)),
(Rn); = M(tn ty)&‘(uy)

J
We have the following existence and uniqueness result.

(e,

(4.3)
(4.4)

(4.5)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

Theorem 4.1. Suppose that the conditions stated in Theorem 3.1 are satisfied. Then the Problem VP

has a unique solution.
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Proof. First,we show that (4.3) — (4.5) uniquely determines off € H", v} € V" and ¢} € W". From
a discrete analogue of Lemma 4.5 in Selmani, , it follows that (4.5) has a unique solution @} € Wh.
Combining (4.3) and (4.4), we obtain an elliptic variational inequality which has a unique solution v} € V*.
ol € H" is then calculated from (4 3)

Next, we show that with {( j ,<p] ,Chk)}j<n . C HE x VI x Wh x B" known, (4.6) — (4.9) uniquely
determines (UZ’“, vhk oh ,(hk) - Hh x VP x Wh x B". Given {( Chk)}j<n | € VP x B", a discrete
analogue of Lemma 4.5 in Selmani, shows that (4.8) has a unique solution @"* € W" and ¢"* € B" is

computed from (4.9).
Finally, combining (4.6) and (4.7), we obtain

(A€(U2k)a€(vh—vn ))H +]( w,_ 17 h7CT}LLk>_j< Uy — 1’ ghk) (4'12>

> (1, 0" — o)y Vol e VI

where
(Tn7 Uh)V = (-fn7 Uh)V - (—7‘-5(“2’11) + 5*V¢2k (413)

n—1
+h Y (R (v
j=0

By a standard result on elliptic variational inequalities, there exists a unique v"* € V" satisfying (4.12). We
compute % from (4.6). O

H

5. Error estimates

This section is devoted to deriving error estimates for the discrete solution. We make the following solution
regularity assumptions:

(M,u,¢) € CH0,T; Hoo x V x L*(T'3)), (5.1)

(v,0,¢0) € C(0,T;V x Hy x W), (5.2)

(v,0,¢) € C0,T; H* ()" x H* ()™ x H?(Q)), (5.3)

v e C(0,T;H*(T3)) ,ov € C(0,T; L*(I)%),up € H* ()% (5.4)

In this section, no summation is assumed over a repeated index and ¢ denotes a positive constant which depends
on the problem data, but is independent on the discretization parameters, h and k.

Lemma 5.1. Assume that (3.17) — (3.27) hold. Let {o,v,u,¢,(} and {ol* vk uhk ot ,Qhk} denote
the solution to Problems VP and VP"  respectively. Then, the following error estzmates hold for all v" € V"

and ¢" € Wh .
’Un_ hk’H+|Un_ hk|V+’un_ hk|V
ogLaSXN{ + |90n k|W + |C” - hk’LQ(Fs) o

h h
SCk‘i»c{‘uo’L”0|V+ ma<XN|(I ,PHh)U"‘H+OI<I}La<XN¢hIg‘£/h| n — ¢ ’W

1
. h h|2
+ max inf (’U —v + v, —v ) .
022y phevh | n |v ’ n |L2(F3)d

Proof. First, we make an error estimate on the electric potential. We combine (3.34) and (3.35), we have
forallt € [0,T] and ¢ € W,

(BV@(t), Vo)r — (Ee(u(t), Vo) u = (q(t), d)w. (5.6)
Taking (5.6) at t = t,, and for all ¢ = ¢" € W" and n > 1, it follows that
(BVn, Vo' i — (Ee(un), VoM m = (a(t), o")w- (5.7)

We subtract (4.8) from (5.7) to obtain for all ¢" € W" and n > 1
(BVn — BVp", Vo' i — (Ee(un) — Ee(upt), Vo) =0

thus
(BVg, — BV@* YV (¢" — olF)) g = (Ee(un) — Ee(ul* 1),V (¢" — ¢1*))m,
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using the writing ¢ = ¢"

Using (3.20) to see that

2
mp|¥Pn — @Zk w < (Bv@n - BVQOZka \Y% (Qon -

using the Cauchy-Schwarz

we obtain

From (5.6) at ¢t = 0 with ¢ =

+ ©n — Pn, we see that

(BVon — BVorF,V (0n — 00 ) u
= (BVQOTL - BV(P (‘Pn )
+(Ee(un) — ( ,V (on — ol

"),V
—(Ee(un) — Ee(unty), vV

'V (e

+(Ee(uy) — Ee(ul®

inequality and the following inequality

1
ab < ea® + —b% Ve > 0,
4e

[on = @iy < (Jun -
¢" € W, we have

(BVgo, Vo) — (Ee(uo), Vo™ )1 = (¢(0)

We subtract (4.5) from the previous equality to obtain

(

then, we can write

(BVgo — BVpy. V(6" — b)) m = (Ee(uo)

BV — BV, Vo) gy — (Ee(ug) — Ee(uf),

We use the writing ¢" = ¢" — g + ¢ to note

By using (3.20) to see that

mp |¥o

Next, we state two relations that we will use in error estimations ( see Sofonea et al.,

(BVpo — By, V (vo — o)) u
= (BVgo— BV, V(o —¢")u

- ge(“él)’ \Y (¢h

))H-

")) u

D,V (on — omF ) a
—(Ee(un) — Ee(ult 1),V (on — "))

bt + len = 65y ) -
7¢h)W

v¢h)H -0

+(Ee(uo) — Ee(uf), V (vo — ¢4)
—(Ee(ug) — Ee(ug),V (vo — ¢"))m

CAE, < (BVgo— BYGE Y (g0 — ")

+(Ee(up) — Ee(ul),V (o — 00 u
—(gE(UO) - 5€(ug), \% ((po - (ﬁh))H,

Using the inequality of Cauchy-Schwarz, (3.19) — (3.20) and (5.8), we find

[0 — bl < e (Juo — b5, + o — 63, )

|un—uzk|ff gck2+|uo—u0‘v+ck2‘vj

n—1
|un7un 1f/<ck +|u07u0}v+ck2|vj
7=0

ol
J v’

ok
-

— %o

(5.10)

(5.11)

(5.12)
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We note for all n > 1

tn n—1
hk = s)ds — n'-lk
0k (Ry) = / (Ra) (s)ds — 3 I (Ry)!

F kR, - R
3=0
then
sz (Rn) =1I,+ I:zlkv (513)
where L .
L= [ (R (9) = (Ra), | ds, 12 = Zk[ (R}
j=0 "t
We have
o= Y [ M — e uls) Mt —t)elos)] d
=0t
n—1 tit1
_ Z/ [M(tn — )e(uls)) — M(tn — s)e(u;)] ds
j=0 "t
n—1

We use the hypothesis (3.22), we obtain

n—1

j+1
Loy, < CZ/ gy Mt — ) — Mt — )], ] ds.
Using (5.1), the sum can be bounded by ck where the constant c is proportional to |&|¢( 7,y + ’M‘C(O _—
Hence T
|1,]5, < ck?. (5.14)
We also have
It = Z k(M Je(u;) — M(tn — t;)e(ul?)]
From (3.22) and (3.11), we find
n—1
hk hk
[I0F|,, < ek fuy —ul¥| (5.15)
7=0
We combine (5.13) — (5.14) and (5.15) to see that
n—1
0% (R )| <ck? kY |u; - hk b (5.16)
7=0
Furthermore, we apply (4.1) at ¢t = ¢,, to see that
tn
o, = Ae(v,) + Fe(uy) + M(t, — s)e (u(s))ds+ E*Vp,. (5.17)
0

Using (4.6) and (5.17), we can write for all n > 1

on— 0 =1 —Pyn)on +Pyra, —al*

= (I = Pyr) 0+ Pron [(Ae(0n) = Ae(vlh)) + (Fe(un) — Fe(ulk)))
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+ (E*Vp, — EXVRIF) + 0% (R,)] .

Here, we used the symbol I for the identity application on H. using the hypotheses on operators A , F and &,
as well as inequality |Pyn 7|, < |T]y, we have

’an—aﬁk’i §C|:|(I—P7_Lh)0'n|§_t+ "un—vfbk‘ﬂ (5.18)

+c [’un — un 1 3, + ’apn wﬁk‘iv + ’92’“ (Rn)]i] .
For n = 0, using (4.1) at ¢ = 0 and (4.3), we have
00— 05 = (I —Pyn) oo+ Pyroo — o
(1= Prn) 00+ Prgn [(Ae(wo) — Ac(h)) + (Feluo) — Fe(uh))
+ (E*Vipo — EVep)] .
Using (3.17) — (3.19) we find

’ao—ag‘j_[ Sc[\(I—PHh)O'Oﬁ_[—i— ’vo—vg’ﬂ . (5.19)

2 2
e [Juo — ub [y, + o — b5y ]
We combine (4.1) and (4.2), taking ¢t = ¢, for all v € V and n > 1, we obtain

(Ae(vn) + Fe(uy,) + /0 ' (Ry) (8)ds + E*Vip,, e(v — 'un)>H (5.20)

+](un,v Cn) - (una Un, Cn) = (fn,v - Un)V~
By combining (4.6) and (4.7) to write for all v" € V" and n > 1

n—1
(Ae(vhF) + Fe(uhf ) + £ VlF + 1> (R e(v" — vlk))y (5.21)

+.7( Uy — 17 hacgk)fj( Uy — 1’ Chk) (fmvh*UZk)V-
From (3.17) the hypothesis on A, we have for all n > 1

h/c’2
n |y

IN

mA|vn—v

We use (5.20) with v = v"* to estimate the first term and (5.21) to estimate the third term, we add (o, (v, —
"))y — (0, e(v, — "))y to the second side, after some elementary algebraic operations, we obtain

ma ”Un - Uhk|v (5.22)
< (Ae(vy) — Ae(v)F), e(v, — "))y + (Fe(u,) — Fe(uph ) + 6" (R,)
+E Vo, — E VI e(v, — M), — (]—'s(un) Fe(ul* )+ 0" (R,,)
+E Von = EVERF (v — vph)),, + G(unt 0" GF) = (unt 1 v, GF)
(U, VRF, Go) = (s Uy o) G (v, GF) = (gt ot GF) R (V1)

where
Rin (V") = =(0n,e(0n = 0")3 + (fr, 00 — 0"y (5.23)
From (3.30) the definition of j, we have for all n > 1

|j(un7'vzk7<n) = J(Un, vn, () +j(uﬁlil,’vn,§}:k) 7](’11,” 1,V <hk)}

/ Pu(Uny — g = Ca )Uﬁlﬁda +/ Pr(Uny —9—Cn ) | Unr |da
I's

I's
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_/ pu(unu —9— C’n )U'rwda - / p‘r(unu —9g9— Cn ) |'Un‘r - 'U*| da
I3

s

+/ pu( Up,— 1u*9*d;bk )UnudaJF/ pq-( Upy— 11/*9*Cgk)|vn‘r*v*|da
Fg FS

hk hk hk hk hk hk *
7\/1_‘ pV( Up—1p — 9 — Cn )Unuda - / p‘r( Up—1p — 9 — Cn ) |Un7' - v |d(l
3

I's

/F [pu(umf —g—Cn ) — V( Up— ly - Cfik )] [ Z:lj *Um/} da

+/F [pr(unu*g*Cn) ‘r( Up,— 111797 Zk )} thkfv |7|UTLT*U*”da

< |pu(unu —9—Cn ) —pu(u nk 1w — 9= | ‘Unu 'Unu| da
s

+/ ’pr(unu_g_gn) T( nklu g_CT}LLk )HU’ZE_U”T’da'
s
From (3.21) and inequality (3.12) with the inequality |u,| < |u| (r =v,7) Vu € Rd, we find for all n > 1

|j(unv v, »Cn)‘](un,Uan)"‘J( nklvaHChk)_j( U, _ 1? Chk)} (524)

< (Ly+L;)ch|un — uﬁ’illv ‘vn - vhk]V

+ (Ly + LT) Co |C7L - CV}LLk’L2(F3) |Un - ’Uzk}v .

Similarly, we have for all n > 1

|J( Uy 17 achk) ( Zklavnacsk)‘
_ / po(W 1, — g — O Yohda + / pr (W 1 — g — ¢ Y [0t — v%| da
Fg FS
- / Pu(a® 1, — g — % Yopda — / pr(e 1, — g — ¢ Y v, — v*|da
Fg FS
< [ s =g = ok = vl dat | pol, —g = () ok~ da
I's s

Using (3.21) and (3.12) to deduce that

|j Uy — 1a haggk)fj( Uy— 1avn7<hk)| (mu+mr CO|'Un7'Uh|‘2/- (525)

We substitute (5.24) — (5.25) into (5.22) and using the assumptions on A, F, M and &, the Cauchy-Schwarz
inequality and (5.8), we obtain for all n > 1

2 2 2 2
”Un - U2k|v <c (|un — uZ’il v T |<,0n - SDZIC‘W + ’Cn - C'Zk|L2(r‘3)) (5.26)
2 2
e (Jon = v"[3, + (055 R, ) + [Rin (07)] .
Similarly, we apply (4.1) — (4.2) at ¢t = 0 with the initial condition ¢ (0) = 0, for all v € V', we find
(Ae(vo) + Fe(ug) + E" Vo, e(v — vo))y (5.27)

+j(u07 v, 0) - j(u07 Vo, O) > (f (0) U — UO)V‘
Using (4.3) — (4.4) with ¢ = 0 to see that for all v" € V'

(Ae(vh) + Fe(ul) + E*Vh e(vh — vl))n (5.28)
+j(ug, v",0) = j(ug,vg,0) > (£ (0), 0" —vf)y.
We use (3.17), we have

malvo —vhls < (Ae(vo) — Ae(vh), e(vo — vE))n
(Ae(vy)
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Using (5.27) with v = v} to estimate the first term and (5.27) to estimate the third term, and adding
(00,e(vo — V") — (00, (v — "))y to the second side, we obtain

2

ma |vo — 'ué"v (5.29)
< (Ae(vg) — Ae(vp), e(vo — v"))u + (Fe(uo) — Fe(ug®)

+E Vg — E*Vih e(vy — vh’))H — (Fe(ug) — Fe(ul)
+g*v<p0 - S*V(p(})lka E(UO - ’U(})l))q.L + ](ugv Uh7 0) - J(ug7 Vo, 0)

+j('lt0, USL? O) - j(u07 Vo, O) + ](u87 Vo, 0) - J(ugv Ugv 0) + Rl,O (Uh) .

From (3.21) and by the same argument that we used in (5.24), we find
: h . o h b
|.](u07 U07O) - j(an Vo, 0) + ](U’Oa Vo, O) - .]( 05 V0> 0)| (530)
< (L, + L,)ck lug — ug|v |vo — vé"v .

Similarly, using a similar argument that we used in (5.25) to see that

. . 2
’](ug,vh,O) —j(ug,vo,O)‘ < (my +ms) co |vo — ’Uh‘v . (5.31)

We substitute (5.30) — (5.31) into (5.29) and using (3.17) — (3.19), the Cauchy-Schwarz inequality and (5.8),
we obtain

’vo — u{}ﬁ/ <c ({uo — ugﬁ/ + |<po - sogﬁv + {'Uo — ’Uh’?/) + |7€1,0 (Uh)| . (5.32)

Combining (5.10) and (5.19) with (5.32), it is easy to see that
2 2 2 2
|0 — a5, + [vo — v, + |uo — ugly, + [0 — Gy (5.33)

< ¢ (Juo = ufly + o — 9" |3, + [vo = 0[5, + (T = Prn) oof3) + [Rao (v")].

On the other hand, for the wear function, we use (3.36) at ¢t = t,,, and ¢ (0) = 0, we obtain for all n > 1

Cn = kou* /0 ' Py (uy (8) —g—((s))ds, (5.34)

we subtract (4.9) from (5.34) to see that

noloetyg
G — CF = kov™ | Y /t (P (uw () =g = C(9)) = po (uf — g = ¢}*)) ds|
j=0 "1

using (3.21), the inequality |u,| < |u| Yu € R? and (3.12), we obtain

noloeti o
CZ/ _|uV (8) - ul}j‘?|L2(F3) + !C (S) - C;lk|L2(F3)] dS

|Cn - Cﬁk’Lz(pa)
j=0 "t

n—1

tjt1
cZ/t |u(s) - u?k|L2(F3)d +|¢(s) - C;Lk|L2(F3):| ds

j=0"1t
n—1

IN

INA
(@)
*_\w
b
=

f(5) = ¥ 1) = g ]

Jj=0""%
therefore
hk = [t
|Cn7Cn |L2(F3) S CZ/t [‘u(s)iuj|v+‘C(s)7<j|L2(F3)i| ds
=071

n—1
bk 3 [y — ], 416 - e |
§=0
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using (5.1), the first sum can be bounded by ck where the constant ¢ is proportional to |'[L|C(0 T;V)—k’C.’
Thus

C(0,T;L2(T3))

n—1 n—1

|Cn — Cv}fk’QL?(m) < ok + Ckz |u; — ugkﬁ/ +ck Z G- Cyhkﬁz(rg) (5.35)
j=0 j=0

By adding (5.9), (5.11) — (5.12), (5.16), (5.18), (5.26) and (5.35) to obtain for all n > 1
Rk |2 hk|2 hk|2 hk |2 Rk |2
o — o, |7—L +[vn — vy ‘v + [un — up ‘V +[en — o |W +[6n =G |L2(1"3)

< ck? +c’u0 —u’ol‘?/ +c {|(I—’P7_[h)a'n|3_[ + |<pn _‘éhﬁzv + ’vn —vhﬁ/}

n—1

2
+’R1,n( ’—i—ckZ{’aJ—ahk’H—&-’Uj—v ‘ +’u] ?k|v
7=0
hk|2 hk |2
+ei =iy 16 = ¢ ‘LZ(FB)}'
From this inegality and (5.33), applying Gronwall’s Lemma (see for example Sofonea et al., ) to see that
max o0 — o, |H + |];U" - Uhk|v +hLun - hk|v (5.36)
OsnsN + |‘pn ’W + ‘Cn Cn ’Lz (T3)

2 h|2 2 . h|2
<ck +c’u0—u0|v+cog?§xN{(I—PHh)an|H+¢h1£‘th|<pn—¢ ’W

. 2 \
w it flon =o'l + [Ran (0]}
To find a bound of Ry, (vh) defined in (5.23), we integrate by parts the first term to obtain
Rin / Dwa‘n — ’Uh) dx — / (ov), (vn — vh) da
r
fn7 Un — Uh)V-

Using (3.28) and we apply (3.3) and (3.6) at ¢t = t,, to see that for all n > 0

le (Uh)

/ fOn — vh’) dx — Fon (Un - ’Uh) da
Iy
—/ (ov), (v, —v")da —|—/ fon- (vy — ") dz
I's Q
+ Fon (’Un — ’Uh) da
s

- - (ov), (o0 —v") da

using the Cauchy-Schwarz inequality we see that
‘le ('Uh)‘ < ‘(o-u)nllﬂ(l“s)d ‘Un - Uh|L2(F3)d .

From (5.4) we deduce that

Rim (V)] < cfvn = Uh|L2(F3)d ’

Combining the previous estimate with (5.36), we find (5.5).0
Theorem 5.2. Suppose that k is sufficiently small. Then, under the regularity assumptions (5.1) — (5.4),
we have the following error estimate

jon—0o hk\qﬁ!“n— Hly o+ fun — gt
og%v{ +on — ’f!WHCn | oy sclh+k). (5:37)

Proof. Under assumptions (5.3) and (5.4), we can apply the standard theory of finite element interpolation
(see for example Braess, and Sofonea et al., ) to see that

|uo — “g|v < chluol g2y s
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o Ax, |00 = Punanly < chlolo(om i)y
max inf ’vn — ’Uh|

<
0<n<N pheVh vV = ch ‘U|C(0,T;H2(Q)d) )

max inf

h 2
v, — U < ch*|v
0<n<N pheyh | |L2(F3)d - ‘ |C(07T?H2(F3)d) ’

max inf
0<n<N gheWwh

Pn — ¢h|W < ch |l m2(0)) -

Combining the previous estimates and (5.5) it leads to (5.37).00

6. Conclusion

This paper presents a model of the quasistatic contact process between an electro-viscoelastic body and a
foundation. The contact was modeled by normal compliance with wear. The proof of the existence of a unique
weak solution to the model has been obtained by using arguments on elliptic variational inequalities. A fully
discrete scheme is used to approach the problem and an optimal order error estimate. A numerical algorithm
which combines the backward Euler difference method with the finite elements method. Finally, it may be
interesting to incorporate control mechanisms into the model and study the related optimal control problem.
Also, the problem is relatively easy to set experimentally, and it may provide an effective way to determine
some of the constants associated with the contact process, to be used in more complex physical settings.

Acknowledgment

The author would like to thank to express their gratitude to the anonymous reviewers for their constructive
feedback and the editor for their thorough evaluation of this manuscript.

Declaration

The author declares no conflicts of interest.

References

Acil, A., Maanani, Y., Maanani, A., Betka, A., & Benguessoum, [ N. (2024). Pv-battery hybrid
system power management based on backstepping control. International Journal of Applied
Mathematics and Simulation, 1(2), 67-75. https://doi.org/10.69717 /ijjams.v1.i2.102

Batra, R. C., & Yang, J. (1995). Saint-venant’s principle in linear piezoelectricity. Journal of Elasticity,
38(2), 209-218. https://doi.org/10.1007 /BF00042498

Braess, D. (2007). Finite elements: Theory, fast solvers, and applications in solid mechanics (3rd).
Cambridge University Press. https://doi.org/10.1017/CBO9780511618635

Ikeda, T. (1996). Fundamentals of piezoelectricity. Oxford University Press. https://doi.org/10.1524/
zkri.1992.199.1-2.158

Lerguet, Z., Shillor, M., & Sofonea, M. (2007). A frictional contact problem for an electro-viscoelastic
body. FElectronic Journal of Differential Equations (EJDE), electronic only(2007, Paper-No.
170). https://ejde.math.txstate.edu/Volumes/2007/170/abstr.html

Maceri, F., & Bisegna, P. (1998). The unilateral frictionless contact of a piezoelectric body with a
rigid support. Mathematical and Computer Modelling, 28(4-8), 19-28. https://doi.org/10.
1016/S0895-7177(98)00105-8

Migérski, S. (2006). Hemivariational inequality for a frictional contact problem in elasto-piezoelectricity.
Discrete and Continuous Dynamical Systems-B, 6(6), 1339-1356. https://doi.org/10.3934/
dcdsh.2006.6.1339

Migorski, S., Ochal, A., & Sofonea, M. (2011). Analysis of a quasistatic contact problem for piezo-
electric materials. Journal of Mathematical Analysis and Applications, 382(2), 701-713. https:
//doi.org/10.1016/j.jmaa.2011.04.082

Moumen, L., & Rebiai, S. E. (2024). Stabilization of the transmission schréodinger equation with
boundary time-varying delay. International Journal of Applied Mathematics and Simulation,
1(1), 59-78. https://doi.org/10.69717 /ijjams.v1.i1.95


https://doi.org/10.69717/ijams.v1.i2.102
https://doi.org/10.1007/BF00042498
https://doi.org/10.1017/CBO9780511618635
https://doi.org/10.1524/zkri.1992.199.1-2.158
https://doi.org/10.1524/zkri.1992.199.1-2.158
https://ejde.math.txstate.edu/Volumes/2007/170/abstr.html
https://doi.org/10.1016/S0895-7177(98)00105-8
https://doi.org/10.1016/S0895-7177(98)00105-8
https://doi.org/10.3934/dcdsb.2006.6.1339
https://doi.org/10.3934/dcdsb.2006.6.1339
https://doi.org/10.1016/j.jmaa.2011.04.082
https://doi.org/10.1016/j.jmaa.2011.04.082
https://doi.org/10.69717/ijams.v1.i1.95

Error estimation for a piezoelectric contact problem with wear and long memory 16

Selmani, M. (2013). Frictional contact problem with wear for electro-viscoelastic materials with long
memory. Bulletin of the Belgian Mathematical Society-Simon Stevin, 20(3), 461-479. https:
//doi.org/10.36045/bbms/1378314510

Selmani, M., & Selmani, L. (2010). A frictional contact problem with wear and damage for electro-
viscoelastic materials. Applications of Mathematics, 55, 89—-109. https://doi.org/10.1007/
s10492-010-0004-x

Sofonea, M., Han, W., & Shillor, M. (2005). Analysis and approzimation of contact problems with
adhesion or damage. Chapman; Hall/CRC. https://doi.org/10.1201 /9781420034837

Sofonea, M., Kazmi, K., Barboteu, M., & Han, W. (2012). Analysis and numerical solution of a
piezoelectric frictional contact problem. Applied Mathematical Modelling, 36(9), 4483-4501.
https://doi.org/10.1016 /j.apm.2011.11.077


https://doi.org/10.36045/bbms/1378314510
https://doi.org/10.36045/bbms/1378314510
https://doi.org/10.1007/s10492-010-0004-x
https://doi.org/10.1007/s10492-010-0004-x
https://doi.org/10.1201/9781420034837
https://doi.org/10.1016/j.apm.2011.11.077

	Introduction
	Notation and preliminaries 
	Statement of the problem
	Fully discrete approximation
	Error estimates
	Conclusion

