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ABSTRACT: We consider a stochastic Cahn-Hilliard partial differential equation driven by a space-time white noise. In this paper, we
prove a Central Limit Theorem (CLT) and a Moderate Deviation Principle (MDP) for a perturbed stochastic Cahn-Hilliard equation in
Holder norm. The techniques are based on Freidlin-Wentzell’s Large Deviations Principle. The exponential estimates in the space of
Holder continuous functions and the Garsia-Rodemich-Rumsey’s lemma plays an important role, an another approach than the Li.R.
and Wang.X. Finally, we estabish the CLT and MDP for stochastic Cahn-Hilliard equation with uniformly Lipschitzian coefficients.
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1 INTRODUCTION AND PRELIMINARIES.

The Cahn-Hilliard equation was developed in 1958 to model the phase separation process of a binary
mixture (Cahn J.W. and Hilliard J.E. [3,4]). This approach has been extended to many other branches of
science as dissimilar as polymer systems, population growth, image processing, spinodal decomposition,
among others.

Consider the process {X*®(t,z)}.>0 solution of stochastic Cahn-Hilliard with multipicative space time
white noise, indexed by ¢ > 0, given by

O Xe(t,x) = —A(AXE(t, x) — f(XE(t, ) + e (XE(t, )W (t, z),
in (t,z) €[0,7] x D,

X¢(0,2) = Xo(x), (1.1)

8X2/(f’x) = 8A)g;(t,a;) =0, on (t,x) € [0,T] x dD.
where T > 0, D = [0,7]®, AX®(t,x) denotes the Laplacian of X¢(¢,z) in the x-variable, x is the outward
normal vector, f is a polynomial of degree 3 with positive dominant coefficient such as f = F' where

o ! Ratsarasaina R. M., Faculty of Sciences Technology, Departement of Mathematics and Informatics, University of Antananarivo, B.P.906,
Ankatso, 101, Antananarivo, Madagascar.
E-mail: ratsarasainaralphmartial@gmail.com

o 2 Rabeherimanana T.]., corresponding author, Faculty of Sciences Technology, Departement of Mathematics and Informatics, University
of Antananarivo, B.P.906, Ankatso, 101, Antananarivo, Madagascar.
E-mail: rabeherimanana.toussaint@gmx.fr

Communicated Editor: Chala Adel
Manuscript published Jan 12, 2025.



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND SIMULATION, VOL. 01, NO. 02, 47-65 48

F(u) = (1 —u*)?, W is a space-time of a Brownian sheet defined on some filtered probability space

(Q, F, (Fi)i>0,P) and W = gj—g; is the formal derivative of a Brownian sheet W defined on probability

space (2, F,P). The coefficients f, o are uniform Lipschitz with respect to =, with at most linear growth.
More precisely, we suppose that there exists two constants Ky and K, such that Vz,y € R,

[f(x) = fF(y)l < Kyle -yl
|o(z) = a(y)| < Kolz —y|
and that there exists a constant K > 0 such that :
sup{|f(z)|+]o(2)]} < K(1+[z]). (1.3)
Let X" be the solution of the determinic Cahn-Hilliard equation
XXt z) = —AAX (t,x) — f(XOt, x)))

(1.2)

with initial condition X°(0,x) = X¢(x). We expect that || X¢ — X°||, — 0 in probability as ¢ — 0 where
||.|lo is the Holder norm (see (2.1)). The LDP, CLT and MDP for stochastic Cahn-Hilliard equation are not
new. For example, Boulanba.L. and Mellouk.M. [2] studied the LDP for the mild solution of Stochastic
Cahn-Hilliard equation (1.1). Li.R. and Wang.X. [8] studied the CLT and MDP for stochastic perturbed
Cahn-Hilliard equation using the weak convergence approach.

However, we study its CLT and MDP for stochastic Cahn-Hilliard equation in the context of Holder
norm using another method. It means, we study the process

e _ vO0
o) = (X2 ) e (1.4
and
e __ voO0
6°(t, x) (%)(t,x) (1.5)

in order to get a CLT and a MDP respectively.

The techniques are based on the exponential estimates in the space of Holder continuous functions. The
Garsia-Rodemich-Rumsey’s lemma plays a very important role.

The paper is organized as follows : in the section one, we prove that 7°(¢, x) defined by (1.4) converges in
probability to 1°(t, ). More precisely we purpose to prove that lim._,o E|[n° —n°||%, = 0. In the section two,
we study the LDP for (1.4) ase — 0 for 1 < h(e) < %, that is to say , the process 6°(t, z) defined by (1.5)
obeys a LDP on C°([0, 1] x D) with speed h2(¢) and with rate function I(.) defined later. In section three,
we prove the main results. Finally the example for CLT and MDP for stochastic Cahn-Hilliard equation

with uniformly Lipschitzian coefficients be given in section four.

2 MAIN RESULTS

Let H denote the Cameron-Martin space associated with the Brownian sheet {W (¢,z), t € [0,T], = € D},
that is to say,

H = {h(t) _ /Ot/D lh(t, ) Pdtda < € L2([0,T] x D)}.

Let &, € be polish space such that the initial condition X((z) takes valued in a compact subspace of &
and ©° = {G°: & x C([0,T] x D,R) — &, &> 0} a family of measurable maps valued in €.

For X, € &, define X*-X0 = G¢(X,,/eW) and for ng € N, consider the following 5™ = {¥ € L?([0,T] x
D) : fOT [ ¥2(s,y)dsdy < no} which is a compact metric space, equipped with the weak topology on
L*([0,T] x D).

We denote ||.||o the a-hdlder norm such that

HFHa = |’FHO<>+’F|oc (2.1)
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where
|Flloo = sup{‘F(s,x)‘ : (s,x) €0,T] x D}7
‘F(Sl, .%'1) - F(SQ,Z‘Q)‘
Flg = : (s1,21), (52, 22) € [0,T] x D .
Pl = sup{ B HE R (1) (s, € 0.7
Let C%([0,T] x D) the space of function F': [0,7] x D — R such that ||F||, < +o0 .
Schilder’s theorem for the Brownian sheet asserts that the family
{VeW(t,z) : £> 0} satisfies a LDP on C*([0,7] x D), with the good rate function I(.) defined by

I(h) = %IOT Jp|h(t,z)|?dtdz  for h e H
+00 otherwise,

For h ¢ H, let X ;‘(O be the solution of the following deterministic partial differential equation
0 XK, (8, 2) = —AAXE, (t,2) — f(X%, (t,2))) + o (X%, (t,2)h(t, )

with initial condition
X%,(0,2) = Xo(x).

Theorem 1([2D): Let o be continuous on R, f and o satisfy conditions (1.2) and (1.3). Then, the law of X5
satisfies the LDP on C*([0,T] x D) with a good rate fuction I X, (.) defined by

TXO( ?) = inf { / /h2 (s ydsdy}
{heL?(j0.11x D) : ®=6°(Xo.I
and +oo otherwise.

See also for example [1,7].
In addition to (1.2) and (1.3), the coefficient f is differentiable with respect to 2 and the derivative f is
also uniformly Lipschitz. More precisely, there exists a constante C' such that

f (@)= (y)] < Cla—yl (2.2)

for all x,y € R.
Combined with the uniform Lipschitz continuity of f, we have

|/ (@)] < K. (2.3)

2.1 Central Limit Theorem

In this section, our first main result is the following theorem :

Theorem 2: Suppose that f, f and o satisfy conditions (1.2), (1.3), (2.2) and (2.3). Then for any o € [0; 1),
r > 1, the process n° (t, z) defined by (1.4) converges in L" to the random process n°(t, z) as e — 0 where n°(t, z)

verifies the stochastic partial differential equation
8t770(t> 1,') = _A(Ano(tv $> - fl(XO(t7 SU))??O(ta .’E)) + U(Xo(tv .Z'))W(t, .’L')
with initial condition n°(0,x) = 0.

Let S(t) = e “’* be the semi-group generated by the operator A%u := Z;’Ooe_“ftuzwi where u :=
Yoo U Then the convolution semi-group (see Cardon-Weber.C [5]) is defmed by S(t)U(z) =

Yooe ~Ht, (z)w; (y) for any U(z) in L?(D), with the associated Green’s function G; such that G¢(z,y) =
Zz 0€ ~Htw; (z)w;(y). Lemma 1:  There exists positive constants C, v and ~' satisfying v < 4 — d, v < 2 and
v < 1—fsuchthatforally,zeD 0<s<t<Tand0<h <t wehave:

L fO fD |G (2,y) — Gr(, 2)|?dzdr < Cly — 2|7,
2. Jy o |Grin(@,y) = Grlw,y) Pdudr < ClHI7,
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3. fo Ip |G (2, y)|*dadr < Ct — 5|7,

4. supea) fy Jp |Giou(@, 2) = Giouly, 2)Pdudz < Cle — 7, p €]3,3],
5. supep fo [p |Giu(@, 2) — Gs_u(z, 2)|Pdudz < C|t — s|@ , p €L, 3,
6. supep f; [p |Gul(®, 2)[Pdudz < Ot — 5]@ , p €1, 3]

2.2 Moderate Deviations Principle

In this paper, our second main result is the MDP for the Stochastic Cahn-Hilliard equation. More precisely,
we assume that the process {0°(¢,z)}.>0 defined by (1.5) obeys a LDP on the space C*([0,1] x D), with
speed h?(g) and rate function Ix,(.).

Proposition 1: If f and o are Lipschitzian, then there exists C(p, K, Ky,
T, Xo) depending on p, K, K¢, T, X such that

E([|X° — X))’ <e2C(p, K, Ky, T, Xo) — 0 as € — 0.

Theorem 3: Let o be continuous on R and f, f', o satisfy the conditions (1.2), (1.3), (2.2) and (2.3).Then,
the process {0°(t,z)}e>0 defined by (1.5) obeys a LDP on the space C*([0,1] x D), with speed h%(e) and rate
function Ix,(.) such that:

Ix,(¢) = inf { / /h2 5,y dyds}
{heL2([0,T)x D) : $=G°(Xo,I(h))}

and +oo otherwise.

3 PROOF OF MAIN RESULTS

Proof of proposition 1: In Boulanba and Mellouk [2], we know that the stochastic Cahn-Hilliard equation
has a solution {X¢(¢, z)}.~0 such that

Xe(tx) = /D G, y) Xo(y)dy + /0 /D AGy_ () f (X% (s, y))dsdy
L VE /0 /D Gro(m,y) 0 (XE(s5, )W (ds, dy).

and that || X¢ — X°||, — 0 in probability as ¢ — 0" where XU is the solution of

XO(t,x) = /D Gola, ) Xoly)dy + /0 /D AGy_(x,y) F(X°(s, y))dsdy.

Then we have

(X7 - X0 (t,2) = / / AGr_ () [F(X*(s5,9)) — F(X(5.1))] dsdy
+ f//Gt s(@,y)o (X (s,y))W(ds,dy).

Using the inequality (a + b)? < 2P~1(a? + V), we have

(X7~ XOLe)” < 2([112 [ [ s6ewisocsm
- f<X°<s,y>>]dsdy]p
; [up//Gy X(s, >>W<ds,dy>]p).




INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS AND SIMULATION, VOL. 01, NO. 02, 47-65 51

Denote
o5t ) = / /D AGyo(a, ) F(X(s,)) — F(X°(s,y))]dsdy,
o(tx) = / /D Gro o, )0 (X% (5, ) W (ds, dy).

From (1.2), (1.3) and Holder inequality, for p > 2,
t £ T
/ / AGg(:c,y)dsdyD E/ | X%, — X%, [Pdt
0 JD 0
1,1 _
where 5 + 7= 1.

For any p > 2 and ¢ € (1, 3) such that vy := (3 — 2¢')p/(4¢)) — 2 > 0, and for any z,y € D, t € [0,7], by
Burkholder’s inequality for stochastic integrals against Brownian sheets (see Walsh.].B. [9], page 315) and
Holder’s inequality, we have

B(Jofl1%)” < &5 ( sup
0<s<T
xeD

E(los(t,2) — a5(t,y)IP)

I3

2

< cpE< /0 t /D |Gt_u(x,z)—Gt_u(y,z)\Qaz(X§<o(u,z))dudz>

t -2
S Cpr</ / ‘Gt—u(x7 Z) - Gt—u(y7 Z)QQIdUdZ> B
0o JD
t _p_
5 2p’ 2’
><E</ /(1 + | X%, (u, 2)|) pdudz)
0o JD
(3-24 )p
S C(p7 K7 XO)“T - y’ 2a ) (31)

where (1.3) and 4 in Lemma 1 were used, % + q—l, =1and C(p, K, Xy) is independent of .
Similary, from 4, 5 and 6 in Lemma 1, for 0 < s <t < T,

E(|o5(t, y) — a5(s,y)[P)

[SIS]

< E( [ |Gtu<y,z>—csu<y,z>|%2<X§(0<u,z>>dudz)

+cpE< / t /D Gruly, )P0 (X5, (u, z))dudz)g

_p_
ol ([ [ 1Gia2) = Gura ) du )
o Jp
xE(/ / 1+ | X%, (u, z)|)2p,dudz> .
o Jp
_p_
» t o 2
+e, K |Gt—u(y, 2)|*? dudz
s JD
¢ € 2p’ i
xE (14 [ X%, (u, 2)|)F dudz
s JD

!
(3—=2q )p

< C(p,K,Xo)|t—s| (3.2)

IN

Putting together (3.1) and (3.2), by Garsia-Rodemich-Rumsey (see Wang.R. and Zang.T. [10] or Corollary
1.2 in Walsh.].B. [9])), there exist a random variable K, .(w) and a constant ¢ such that
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E(|o5(t, y) — a5(s,y)[P)

2
C
< Kpel (e ol + ho = o7 (1o ) 53)

and
sup E[K] ] < +o0.
&€

choosing s = 0 in (3.3), we obtain

E( sup !/0 /DGt_s(x,y)U(Xs(svy))W(ds,dy)\)p < Clp, K Xo)supE[K} ]

0<s<T
xeD

< +oo. (3.4)

Putting (3.1), (3.2) and (3.3) together and using 6 in Lemma 1, there exists a constant C'(p, K, K¢, Xo) such
that

t
E(||IX; - XP|IL)P < Cp, K, Kf,Xo)<E/ (I1Xx¢ - XSHOO)pdereg)
0
By Gronwall’s inequality, we have
]E(HXtE - X?HOO)p < S%C(p7 K7 Kfa XO)ec(p’K’Kf’XO)T.

Putting ¢ — 0, the proof is complete. O

Proof of Theorem 2 : The following Lemma is a consequence of Garsia-Rodemich-Rumsey’s theorem.
Lemma 2: Let Ve(t,z) = {VE(t,z) : (t,x) € [0,T] x D} be a family of real-valued stochastic processes and let
p € (0,00). Suppose that V= (t, x) satisfies the following assumptions :

A-1°)  Forany (t,z) € [0,T] x D,
lim E|VE(t,2)|P = 0
e—0

A-2°)  There exists v > 0 such that for any (t,x), (s,y) € [0,T] x D
E[VE(t,z) = VE(s,)I” < C(Jt — s + o — y1*)**7,

where C is a constant independent of €.
In this case, for any o € (0,7), p € [1, k),

lim E|| V|2, = 0.
e—0

In this section, we prove that
lim E[|X¢ — X?||” = 0.
e—0

Consider the process 7°(t, z) defined by (1.4) and
i) = [ Gl Xawds+ [ [ GG G )dsdy
# VE [ [ G (X)W s ),
We know that || X¢ — X°||, — 0 in probability as ¢ — 07 where XU is the solution of

t
XO(t,x) = /D Gi(r, ) Xoly)dy + /0 /D AGy_ (1) F(XO(5, 1)) dsdy.
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In this case, we have

fn) = [ [ Ao (L))

+ [ [ G o wias.a)

then

F(tx) = /0 /D AGy_ () f (X% (s, 9)) (s y)dsdy

+ /0 /D Gi—s(z,y)o(X*(s,y))W (ds, dy).

For £ — 0, we have
t
ta) = [ [ AGwaf (X)) (s, sy
t
+ /0/DGt_s(x,y)U(XO(S,y))W(dS,dy).

To this end, we verify (A-1), (A-2); for V¢ = n° — n°, write

t (g o 0 s
v - [ AGt_s(:c,y)<f(X(’y))\/gf(X(’y))

F (X s,9)n°(s, y)) dsdy

n /0 /D Gr_ () (0(X%(5, 1)) — o(X°(s,9))) W (ds, dy).

Let

t (g _ 0 s
cen - [ AGt_s(x’y)<f(X(,y))ﬁf(X(,y))

—f'(XO(&y))ng(&y))dsdy,
K(ta) = /0 /D AGi_ () f (X%, ) (1 (5,9) — 1°(s. 9) ) dsdy,
K(ta) = /0 /D Grala, 1) (0(X7(5,9)) — o (X°(s,4))) W (ds, dy).

Now we shall divide the proof into the following two steps.
Step 1. Following the same calculation as the proof of (3.4) in proposition 1, we deduce that for p > 2,
0<t<1

t
E(K]1L) < ClpKnT) / E(||X° - XO|13.)ds

IN

< e20(p, K, K,, T, Xo).

By Taylor’s formula, there exists a random field 5°(¢, ) taking values in (0, 1) such that,

FX(s,9) = F(X0(s,)) = [ (X(s,9) + B°(1,2) (X" (s5,9) — X°(s,1)))
x(X(5,9) — X%(s,9))

. 7. . . .
Since f* is also Lipschitz continuous, we have

| (X0(s,y) + B (@) (X5 (s,9) — XO(s,9))) — f (XO(s,9)))|
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< OB (ta)| X (t @) — XO(t, z)|.
then
17/ (X(s,0) + 50 2) (X (5,) = X0, 9) = 1 (X°(5.0)
< C|X4(t,z) — X°(t, z)|.

Hence
t
o] < 0 [ [ MG @) (X9(t.2) = X0t (50| dsdy
0
t
= \@C//AGts(w,y)(na(s,y))stdy- (3.5)
0o JD
By Holder’s inequality, for p > 2

E(|k5.,)"

t a t 2
//AGZ(m,y)dsdyD X/ E(Hnellio) Yds
o JD 0

Using (2.2) and applying proposition 1, there exists a constant C(p, K, Ky, C, K, T, Xo) depending on p,
K,K;, C, K,, T, Xg such that

D
< 52C'p< sup
0<s<T ,xeD

1,1 _
where;—kg—l.

E(|k(t,2)])’ < e2C(p, K, K}, C, Ky, T, Xo) (3.6)

Noticing that | f'| < K, by Holder inequality, we deduce that for p > 2

E(|k5(t,2)])"

Qs

t t
< Kj( sup !/0 /DAGZ(azy)dsdyl) /OE(Ins—noHio)pds (3.7)

0<s<T
zeD

where % +1i=1
Putting (3.5q), (3.6) and (3.7) together, we have

t
B - 1FI)" < Clo K Ky, €. K T, Xo) (54 [ B — 1)
0
By Gronwall’s inequality, we obtain

E(|ln° — n°|1%,)? < e2C(p, K, Ky, C, Ky, T, Xo) — 0 for & — 0.
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Step 2. We show that all the terms £, i =1,2,3 satisfy the condition (A-2) in Lemma 2. For any p > 2 and
€ (1,3) such that v := (3 — 2 )p/(4q )—2>0,forall z,y € D,0 <t < T, by Burkholder’s inequality
and Holder’s inequality, we have

t
E|kS(t,2) — K5t )|" < cpE( [ [ 16t - sty 2
0 D

[N4S)

x(o(XE(u, 2)) — o(X°(u, z)))2dudz)

Cp ( /ot /D(’Gt_u(:c, 2) — Gi_u(y, Z)ng/ dudz> o

P

t , i
xK§E</ / | X (u, z) — XO(u, 2)|? dudz> 2p
0 Jp

’
(3—2q )p

< Clp,q, Ky, K,T)|x —y| 2/ (3.8)

IN

where (1.3), 4 in Lemma 1 and Proposition 1 were used, L4 qi, =1.

Similarly, in view of 5, 6 in Lemma 1; it follows that for 0 < s <t <T, we have
E‘kg(t7 y) - kg(sa y) ’p

< GE( /S/ |Gi—u(y, 2) — Gs—u(y, z)|2(U(X€(u, z)) — U(Xo(ujz)))Qdudz)

[MS]

[NIiS]

+ CE( / / |Gy, 2) 2 (0(X5(u, 2)) — o(XO(u, 2))) *dudz)

_pP_
o [ [ 16ests9) = G2 s )
0

XK”E</ / |XE(u, 2) — XO(u, 2)|?P dudz) o
+ //|Gt u(y, 2 ]2‘1 dudz)

/ s

><K§IE< / [ 1Xe(w2) - X, dudz) o

0 D

!
(3=2q )p

< Clp,q Ky, K, T)|t —s| (3.9)

IN

where Proposition 1 were used, - o= =1,C(p, ¢, K, K, T) is independent of ¢.
Putting together (3.8) and (3.9), we have

E[k5(t )~ K5(5,1)|” < Clo.d's Ko K, T) ([t =8|+ |z —y[2) (3.10)
Consequently, from 4, 6 in Lemma 1, proposition 1 and the result of step 1, we also have :
Elki(t,z) — ki (s,y)|" < C(jt —s|+ |z —y|*)” , i=2,3. (3.11)
Putting together (3.10) and (3.11), we obtain that there exists a constant C' independent of ¢ satisfying that
E|(n°(t, ) = 1°(t,2)) = (1 (s,9) = (s, ))IP < C (|t = s + |z — y[*)”

(
For any «a € (0,1), » > 1, choosing p > 2, and ¢ € (1, 1) such that a € (0, 2)and r € [1,p), Lemma 2 we
have
lim E||n° — ||, =
lim Ef[7° — [l = 0
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The proof is complete . O
Proof of Theorem 3 : Recall the following lemma from Chenal.F and Millet. A [6].

Lemma 3: Let F: ([0,T] x D)2 — R, g > 0 and Cr > 0 be such that for any (t,z), (s,y) € [0,T] x D, set

T
/ / |F(t, x,u,2) — F(s,y,u, 2)|*dudz < C(|t — s| + |z — y|?). (3.12)
o Jp

Let N : [0,T] x D — R be an almost surely continuous, F;—adapted such that sup{|N (¢, z)| : (t,z) € [0,T] x
D} < pa.s., and for (t,xz) € [0,T] x D, set

T
S(t,m):/o /DF(t,m,u,z)N(u,z)W(dudz)

Then for all o €]0, 52|, there exists a constant C(c, o) such that for all M > pCrC(a, ap)
V21? —2
P > M) < (V2T° +1 -
(Blla = M) < ( * )exp( pZC’FC'Q(a,ao)>

Proof of Theorem 3 : Now, we prove the MDD, that is to say, the process ¢6° defined by (1.5) obeys a

LDP on C%([0,T] x D), with the speed function h%(e) and the rate function I(.). More precisely, to prove
€ € 0

the LDP of h”?, it is enough to show that % is h%(¢)-exponentially equivalent to %,that is to say, for

any ¢ > 0, we have

: s [7° = 7°lla o
limsuph™*(e) log P| ———— >0 | = —o0. (3.13)
e—0 h(e)

Since
" =n°lla < A+ A +D)) " —n°|2

to prove (3.13), it is enough to prove that

. _9 |77‘5 - 770‘2; _
limsuph™“(e) log P| ———= >0 ) =—-00 , V6>0.
e—0 h(g)

Recall the decomposition in Proof of Theorem 2,

n°(t,x) —n°(t,x) = k§(t,2) + k5(t, z) + K5(t, @).

For any ¢ in (2,3), % + % =1l,and z,y € D, 0 < s <t < T, by Holder’s inequality, 4 in Lemma 1 and (2.3),
we have
¢ 1

k5(t,2) — k5(t )| < Kf( | [ 18Guw2) - 26 z>|qdudz)

0 /D

: :

X (/ / 7% (u, z) — n°(u, z)|pdudz>
0 JD
34 ! e 0w P
< Kple—ol T ([ i =Pl (3.19)
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Similarly, in view of 5 and 6 in Lemma 1, it follows that for 0 < s <t < T,

|k5(t,y) — k5(s, )" < Kf(/os/[) IAG—u(y, 2) — AGs_u(y,z)\qdudz>

X (/05 /D 7 (u, 2) — n°(u, z)|P>’1’
([ [ st z>|qczudz>3

([ [ —n°<u,z>\P)’l’

3-q ¢ 5 0w P
< 2Kyt — 5| x /(Hn O Pdu
0

Putting together (3.14), (3.15), we have

5(t.0) = k(e < O = ol + ho = o) 5 ([

Choosing ¢ € (3, 3), such that o = (3 — ¢)/2¢ and noticing that
[[n° —n°|% < (14 w)®n® — n|%, we obtain that

Kla < C<Kf>( / (1 + e - n0|g>pdu) '

Thus, for ¢ € [0, 1], we have

(Inf —e)” < Clp, T, Ky) [(Iki(t)lé +[k5(t)]0)" +/ (I - noi)pdé’]

Applying Gronwall’s Lemma, we have

(I — 0L < Cu. T K ) {(Iki(t)li + !ké(t)\i)p] BT HAT

By (3.15) and (3.16), its sufficient to prove that for any § > 0

)logP<W > 6) = —00

Step 1. For any € > 0, n > 0 we have
P(|k5l&5 > h(e)s) < P(Ik5IE > h(e)d, |X° = XO1L < n)

limsup h~2(e

e—0

+ P(X° - X5 2 m)

t

t
0

q

p
(ln® —nouzo>pdu) .

By 4 and 6 in Lemma 1, G- (7, 2)1},</ satisfies (3.12)(see Lemma 3) for ap = 1.

Applying Lemma 3, we have

F(tax7u7 Z) - Gt—u(xaz)l[ugt]7a0 - %7CF = C7M - h(€)57p = 77K07

Y(t,2) = (0(X5%, (t, 7)) — 0(X%, (£, 2))) 1) x=_x0|[Z 5

, we obtain that for all £ sufficiently small such that h(e)§ > pCC(a, 3),

P(|k5(0)[s > h(e)d, |IX° = XO|I5, <)

< (V2T?+1)exp (—

h?(e)6?

PKZCC*(a,

1

2

)

1

57

(3.15)

(3.16)

(3.17)

(3.18)
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Since X%, satisfies the LDP on C%([0, 7] x D), see Theorem 1

limsupelogP(||X° — X|L, >n) < limsupelogP(]|X® — XY||, > n)
e—0

e—0

< —inf{Ix,(f): |If = X°|a >n}

In this case, the good rate function Z = {Ix,(f) : ||f — X°||a > 7} has compact level sets, the "inf{Ix,(f) :
||f — X°||o > n}” is obtained at some function f;. Because Ix,(f) = 0 if and only if f = X§ ,» we conclude
that

—inf{Ix,(f) : [|f = X |la =0} <O0.

For h(e) — oo, v/eh(e) — 0, we have

limsup h~2(e)logP (|| X° — X°||L, > n) = —cc. (3.19)
e—0
Since n > 0 is arbitrary, putting together (3.17), (3.18) and (3.19), we obtain
, - k3l
1 h? 11P||3°‘>5>:—. 3.20
oy 2@ (R 29) = - .

Step 2. For the first term £5(¢), let

kE(t, ) / / AGy_(x,y)B (s, y)dsdy,

where

€(g _ 0 s
B (s.y) (f(X (5,)) = [(X°(s,1))

— -7 X o)),
as stated in the proof of Theorem 2, we have
(X5, = X% [150)?

NG

However, by Hélder’s continuity of Green function G, it is easy to prove that, for any « € (0, 1)

1B°I% < C

[k3le < Ca, T)[|B°|5
From the proof of proposition 1, we obtain that
1X5, = X% < C(Ky DKL
where
o = / [ 3G o5, 6 y>>W<dsdy>>
Applying lemma 3, we have

1
F(t,x,u,z) = thu(ﬂf,z)l[ugt},ao = §7CF =C,p= \/EK(l + ||X)7;0‘|Zo +77)

Z(t,x) = Veo (X5, (6 2)) 1y x5 m<|Ixg, 1%+

for any n > 0, we obtain that for all ¢ is sufficiently small such that
M 2 VER(1+ X, |5 +mCCla, 3),

P(I[k511% > M, 11 X5, 1% < [1X% /15 +n)

M2
< (V2T?% +1 < — >
< )P\ = e D1 + XL+ 1)
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For the same reason as (3.20), we obtain

limsup__,o h~?(¢) log P(|| X5, |[% > [1X%, |5 + )
< limsup h~2(e) log P(|| X5, — X%, llo =)
e—0
= —o0.

For any n > 0, by Bernstein’s inequality and the continuity of o, we have

. - LHOIR
limsup h~2(¢) lo P(‘l @ >4
A T

2
. _ ~ h(g)d
< limsuph%(e)lo IP(( kS g) >\/§>
< tmswph@ogP( (1515 ) 2 0 7 5 o
. _ ~ h(g)d
< limsuph2(¢)lo [P( ks(t 202>\/§—’
< Tmsup b~ log P (IFOI%) 2 507 e o
|X§0|\<rwx%o|ra+n)+P<\|X§Or\z|X9(0|\Zo+n>}
< <1imsu —0 )
= U VEh(9)Cla, T, Ky, C)YK2CC (0, 1)(1+ || X o [1L + )2
v(limsuph-2<s> log P(|| X%, || > 1X% 1% +n>) - . O
e—0

4 A FEW EXAMPLES

4.1 Example one. Central limit theorem for stochastic Cahn-Hilliard equation with uniformly Lips-
chitzian coefficients

Let O be an open connected set in R3 such that O = [0, 7]? and C%([0, 1] x O) denotes the set of a-Holder
continuous fonctions. Let {u°(¢,x)}.~0 be the solution of stochastic Cahn-Hilliard equation indexed by
e > 0, given by

s (t,x) = —A(AuE(t, x) — 4(us(t, 7)) + 4 (t,2)) + Ve(l — ué(t, )W,

Qullo) _ 08wltr) _ o, on  (t,z) € [0,T) x JO (4.1)

u®(0,2) = up(x)
where the coefficients f and o are bounded, uniformly Lipschitz and verify the condition (1.2) and (1.3)
such that Ky = 16 and K, = 1. Consider the process /3°(t, z) such that

B (t, ) = <“E\;g“0>(t,x). (4.2)

In this section, we establish the CLT for the stochastic Cahn-Hilliard equation with uniformly Lipschitzian
coefficients in Holder norm ||.||, such that for all u : [0,1] x O — R,

Wllo= s fu(sa)+ s LI lonil
(s,2)€[0,T]xO (s1,21)€[0,T]xO (|31 - 32‘ + ‘wl - 332’ )
(Sg,xg)E[O,T]XO

Now, we obtain the main results similary to Theorem 2.

Theorem 5: For any a € [0,1), r > 1, the process 3°(t,z) defined by (4.2) converges in L" to the random

process °(t, z) as ¢ — 0 where B°(t, x) verifies the stochastic partial differential equation

Bt x) = —A(AB (L, x) — 4(3(u0(t,x))2 - 1)B0(t,x)) + (1 —uO(t, 2))W(t,z)
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with initial condition n°(0,z) = 0.
Proof of Theorem 5 : Consider the process (¢, z) defined by (4.2) depending on (¢, z) and u°(¢, )
such that

pE(t, )

{[LAF£@M<W@MP—M@M;QM@MP—w@wvww

/ot/o (ie—u?(t—s)wi(@wi(yo (1 — (s, y)) W (ds, dy).

Using the equality Va,b # 0,4 ’b3 = a® + ab + b%, we obtain

B(ta) = u//lys (. 9) [( (5,))? + (5, )5, )
bs ) - w%mww

4_//< emm>mwmyuw@wwwm0
For € — 0, we obtain

0 T — t e UO s, 2 0 s, s
) 4/0 /oA G, y)(3(u"(s,y))* = 1)8°(s, y)dsdy
t o0 . f(t*s)w- 22w ~W0(s .
+EAA(§ ' zmz@yl (5, 9))W (ds, dy).

Denote the process R® = ¢ — 3° such that
Re = mi(t,x) +m5(t,x) +m3(t, )

/ / AG-s(2,y) K(ue(s’y))?’\k(uo(say))s)

< ) — u(s y)>_(3( (5,9))? 1)65(8711)}18@,
//AG”“/ 3(u’(s,))* — 1) (B(s,y) — B(s,y))dsdy,

where

//( 5 e ) ) 00(5.) — (5,0 ().
Step 1. For p > 2 and ¢ € [0, 1], we obtain

E(|lm5(t, 2)]I5%)

IN

t
ann/Emw—w%fw
0
\/EC(]L T7 ’LL(])-

By Taylor’s formula, there exists a random field ¢ (¢, z) taking values in [0, 1] such that

IN

Fs(s,y)) — f(u’(s,y))
= f/ (u0(37y) + Ba(ta x)(ua(sa y) - uO(s’ y)))(u5(57y) - uO(S,y»
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For the first term mj (¢, z), we have
¢
|mi(t,x)| < 4\/50/ / AGy—s(z,y) (5 (s,y)) dsdy. (4.3)
0 JO
By Holder’s inequality, for p > 2

E(|ms (¢ 2)., )"

P
q

t t
q el1s \2p
/0 /0 AGs<x,y>dsdyD ‘ /0 E(|161%.) % ds

where § + 1 = 1. Using (1.5) and applying proposition 1, there exists a constant X, x,c depending on p, K,
C such that

< wore( o

0<s<T , €O

E|mi(t, x)‘p < VeR, ke (4.4)
Since |f'| < 16,by Holder inequality , we deduce that for p > 2

t 2
/ / AGY(z, y)dsdyD '
0o JO

< [ B - ) (15)

ElmS(t,o)P < 2@( sup
0<s<T ,xz€

1,1 _
where5+a—1.

Putting (4.3),(4.4) and (4.5) together, we have

B - 212)" < Moo+ [ (I - l)ds).
By Gronwall’s inequality, we obtain
E(]|6° = B8%%)" < VeR, ke — 0 for e — 0.
Step 2. We prove that the terms £ , i = 1,2, 3 satisfy the condition (A-2) in Lemma 2.

For any p > 2 and ¢ € (1, 3)such that v := (3 — 2¢ )p/(4¢) —2 > 0, forall z,y € O, 0 < t < Tby
Burkholder’s inequality and Holder’s inequality, we have

!
(3=2q )p

E|mi(t, ) —m5(t,y)|” < Clp,q K, T)|lz—y| 2 (4.6)

where (1.3), 4 in Lemma 1 and Proposition 1 were used, - + ql,

=1.
p
Similarly, in view of 5, 6 in Lemma 1; its follows that for 0 < s <t < T, we have

!
(3=2q )p

E|m§(t,y) —m5(s,9)[" < Clp,q , K, T)t—s| (4.7)

where Proposition 1 were used, + + % =1, C(p, ¢, K, T) is independent of ¢ .
Putting together (4.6) and (4.7), we have

E[m5(t,z)—m5(s,9)|" < Clp,q . Ko, K, T) ([t—s|+|z—y|*)". (4.8)
Consequently, from 4, 6 in Lemma 1, proposition 1 and the result of step 1, we also have :
E|m;(t,x) —mi(s,y)[" < Ot —s| + |z —y*)" , i=2,3. (4.9)

Putting together (4.8) and (4.9), we obtain that there exists a constant C' independent of ¢ satisfying that
E[(6°(t,x) — B°(t, ) — (B(s,9) = B (5, )P < C(|t — s + v —y[*) "

For any a € (0,1), r > 1, choosing p > 2, and ¢ € (1, ) such that a € (0, Z)and r € [1,p), Lemma 2 we
have

lim E||8° — 8|, = 0.

lim E[[5° — BI[; =0
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4.2 Example two. Moderate Deviations Principle for stochastic Cahn-Hilliard equation with uni-
formly Lipschitzian coefficient

In this section we establish the MDP for the stochastic Cahn-Hilliard equation (4.1). Consider the process
©°(t, z) such that

ué — ’lLO
f(t,x) := t,x). 4.10
o°(ta) = (L ) o (4.10)
In this section, we study the LDP for ©°(¢, z) defined by (4.10) as e — 0 with 1 < a(e) < \%

Theorem 6: The process {©°(t,x)}e~0 defined by (4.10) obeys a LDP on the space C*([0,1] x O), with speed
a®(e) and rate function Jy.p.p(.) such that :

Jm.p.p(g) = { / / / / h2txdtdx1dx2dx3}
g= QO u07
and +oo otherwise.

Proof of Theorem 6: It is sufficient to prove that

. 2 18° = Bla _
limsupa™“(¢) log P >0 | =—-o00, Vo>0.
e—0 a(f)

Recall the decomposition in the proof of Theorem 5

B (t, @) — BO(t,x) = mi(t,x) + mi(t, @) + mi(t, ).

For any ¢ in (%, 3), % + % =1l,and z,y € 0,0 < s <t < T, by Holder’s inequality, 4 in Lemma 1 and (2.3),
we have
1
€ € p 3=q ¢ 5 Opju \p g
|m5(t, ) —m5(t,y)|" < 16z —y[ @ x ; (118% = B7|5) du | (4.11)

Similarly, in view of 5 and 6, it follows that for 0 < s <t < T,

3—q t p
Im5(t,y) —m5(s,y)[" < 320t —s| 2 x (/O(IIﬁE—BOI\&)de> : (4.12)

Putting together (4.11), (4.12), we have

: :
ms(t, ) — mi(s, )" < Ut — sl + o — ) 5 (/O(HBE—BOI&)%> .

Choosing ¢ € (2,3), such that o = 3 — ¢/2¢ and noticing that ||3° — 8°||%, < (1 +u)®|3° — B°|%, we obtain
that

1
il < ot ([ (@l - Ol
Thus, for ¢ € [0, 1], we have
(155 = 01 < Clo 1) [ (01, + o))+ [ (5 - a7
Applying Gronwall’s Lemma to ¥(t) = (|5f — 8?|%,)?, we have
(9% = B < O T 1) | (i) + (o)) | 040 (4.13)
By (4.12) and (4.13), it is sufficient to prove that for any ¢ > 0,

. _ HOIF .
lim sup h~2(¢)lo P(’mZ(a>5>:—oo 1=1,3.
L T
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Step 1. For any € > 0, 7 > 0 we have

P(Im5(t)la > a(e)d) < P(Im5(t)lq > a(e)d, lu” — |3, <n)
+ P(luf — 5 2 ) (4.14)

By 4 and 6 in Lemma 1, (327°) e =2, ()w;(y)).1j,<; satisfies (3.12)(see Lemma 3 ) for ag =
Applying Lemma 3, we have

1
F(t,x,u,z) Ze i (t=s) wz(z))l[ugt],ao = §,CF =C,M = a(e)9,

p=nKy Y*(t,x) = (u'(t,z) — u(t, 1:))1Hug,uo“0To>77
we obtain that for all e sufficiently small such that a(e)§ > pCC(a, )

e\ T e_.0yT NG _ a’(¢)d?
P(Im5(t)]a > ale)d, |Ju® —u’||5 <n) < (V217 + 1) exp ( PR2CC (o l)) (4.15)
o ’ 2

Since u°® satisfies the LDP on C*([0,7] x O)

IN

limsup e log P(||u® — u%||L, > n)

e—0

lim sup e log P(||u — u®||o > n)
e—0

—inf{Z(f) : ||If = «’lla = n}.

In this case, the good rate function Z = {Z(f) : ||f — u°||a > n} has compact level sets, the “inf{Z(f) :
||f —u°||o > n}” is obtained at some function fy. Because Z(f) = 0 if and only if f = u’, we conclude that

—inf{Z(f) : [If —u"lla 2} <O0.
For a(e) — o0, y/ea(e) — 0, we have
lim sup a_2(5)logIP’(Hu€ — 9L > n) = —oo. (4.16)

e—0

IN

Since ) > 0 is arbitrary, putting together (4.14), (4.15) and (4.16), we obtain
, 2 [[m5]la _
limsup a™*(e)logP >0 | =—o0. (4.17)
e—0 a(e)

Step 2. For the first term mj(¢), let

me (¢, 2) / / AGy (2, y)DE (s, )dsdy,

wsn) —4 ((uf(s,y»?’k(u(’(s,y))?’) . (uﬁ(s,mku%,y))

(3000050 - )0

as stated in the proof of Theorem 5, we have

where

[lwe —u?||%)*

NG

However, by the Holder’s continuity of Green function G, it is easy to prove that, for any a € (0, 1)

o7, < ¢!

[m5la < Cla, D215
From the proof of proposition 1, we obtain that

e = w5 < (D)l
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where

5 (t,2) = ¢ [ [ G, s
Applying lemma 3, we have
F(t 2, u,2) = Gru(x, 2)ljy<y, @0 = %, Cr=0C,p=+eK1+||lul]|L +n)
Z7(t,x) = Ve(l = u*(t 2))Ljjue g <| w05 +a)
for any 7 > 0, we obtain that for all ¢ is sufficiently small such that M > /z(1 + |[u’||L, +n)CC(a, %),

P(|[5][50 > M, ||uf|l% < [[u®l[Z +m)

M2
< (V2r?+1 - )
< (V2rt+ )eXp< smcoz(a,;xu||u0||zo+n>2>

For the same raison as (4.11), we obtain

limsup a2 (e) log P(||w*|| % > [Ju|[% +n)
e—0

< limsupa2(¢) log P(||u® — UOHZO > 1) = —0o0.
e—0

For any n > 0, by Bernstein’s inequality and the continuity of o, we have

€ T
limsup a=2(¢) log P ('ml(t)“ > 5)
e—0 a(e)

2
: -2 SenT ) > Vea(e)d
lim sup a (5)10gP<<||mzHoo> = G, T, K7, C)
>

im0tz [P (1F501L)° > e

IN

IN

e—0

)] < [l +n> (]| > [l +n>]

IN

-
lim su
( oot Vea(e)C(a, T, Ky, C)K2CC?(a, 3) (1 + [[u®||Z, + 77)2>

(s 72(6) log PN | > X% 1% +1)) = .

e—0

5 CONCLUSION

In this paper, we have proved a CLT and a MDP for a perturbed stochastic Cahn-Hilliard equation in
Holder space by using the exponential estimates in the space of Holder continuous functions and the
Garsia-Rodemich-Rumsey’s lemma. We can also examine the same situation in Besov-Orlicz space.
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